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4-Fermi field theories in d+1 dimensions
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We consider self-interacting Dirac fermions with  flavors in  spacetime dimensionsN D = d + 1
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  non-renormalizable QFT, SB by dynamical mass generationD = 3 + 1 χ

th Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961). 

  renormalizable QFTs, SB by dynamical mass generation,  
asymptotic freedom, dimensional transmutation
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th Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961). 

  renormalizable QFTs, SB by dynamical mass generation,  
asymptotic freedom, dimensional transmutation

D = 1 + 1 χ
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•  S. Hands, arXiv:hep-lat/9706018.  



4-Fermi lattice field theories in d+1 dimensions
Exploring non-perturbative effects (e.g. strong-coupling fixed point) by an artificial lattice

th L. Susskind, PRD 16, 3031 (1977). 



• K. G. Wilson, in New Phenomena in Subnuclear Physics (1977) 

Wilson lattice regularization in d+1 dimensions
There are alternative discretizations that deal differently with the doublers
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Wilson-type discretization

d=1, N=1, Unitarily equivalent to an imbalanced cross-linked ladder pierced by a U(1) field



Wilson lattice regularization in d+1 dimensions
d=2, N=1, equivalent to an imbalanced cross-linked bilayer , again with Hubbard interactions



SPT phases in D=1+1 dimensions
This discretization can host symmetry-protected topological groundstates 
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th M. Creutz, Phys. Rev. Lett. 83, 2636 (1999). 
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th M. Creutz, Phys. Rev. Lett. 83, 2636 (1999). 

AIII/BDI phases for non-vanishing Berry phase
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Chern insulators in D=2+1 dimensions
This discretization can host an  quantum anomalous Hall (QAH) effect

Non-vanishing Chern numbers

th D. Haldane,Phys. Rev. Lett. 61, 2015 (1988).

M. Golterman, K. Jansen, and D. Kaplan, PLB 301, 219 (1993).



Cold-atom regularization: photon-assisted tunneling

≡
|F, M⟩ |F′ , M′ ⟩

Dirac spinor as two hyperfine states  
of a neutral Fermi gas, e.g.  87Sr

 

th D. Jaksch, P.Zoller, New J. Phys. 5, 56 (2003). 

Raman-assisted tunneling in spin-dependent lattices+

ex M. Aidelsburger, et al., PRL 111, 185301 (2013). 

Alternatives based on e.g. Floquet instead of Raman

https://www.worldscientific.com/worldscibooks/10.1142/11050


Cold-atom regularization: Raman lattices

The standard & cross-link tunnelings  
provided by a Raman optical lattice

The advantage is that we need both  
spin-conserving and spin-flipping tunneling

L. Zhang and X.-J. Liu, Synthetic Spin-Orbit Coupling in Cold Atoms, pp. 1-87 (World Scientific 2018)  

 

r

M.-C. Liang,, et al., arXiv:2109.08885  

Recent experiment with fermions

Avoid spin-dependent lattices

ex

https://www.worldscientific.com/worldscibooks/10.1142/11050


The spin-flipping terms benefit from the 
doubled period of the Raman potential 
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The spin-conserving tunnelings stem from the  
standard lattice

<latexit sha1_base64="zvCuSXGQhaEcFQAa1XRyErnrwDY="></latexit>

t̃ j =
Z

d3xw(xxx� xxx0
iii )
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Cold-atom regularization: Raman lattices

https://www.worldscientific.com/worldscibooks/10.1142/11050


 

The non-interacting limit has been explored in cold-atom experiments

Cold-atom regularization: Raman lattices

M.-C. Liang,, et al., arXiv:2109.08885  ex

https://www.worldscientific.com/worldscibooks/10.1142/11050


 

The interacting limit could be explored by tuning Feshbach resonances

Cold-atom regularization: Raman lattices

One could tilt the Raman beams  
to induce a U(1) gauge field (away from pi-flux)

https://www.worldscientific.com/worldscibooks/10.1142/11050
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Lorentz violations @ generic  θ

th Colladay, Kostelecky, PRD 58, 116002 (1998) 



Persistent circulating ‘chiral’ currents  @ generic  θ
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ex M. Atala, et al., Nat Phys 10, 588 (2014). 



Inversion-symmetry SPT @ generic  θ
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Orbital magnetism @ generic  θ



Phase diagram for abitrary    and    θ Vv
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Fate of Chern insulators @ strong couplings 

At zero coupling , the groundstate develops a quantum anomalous Hall effect g2 = 0

<latexit sha1_base64="UMJ21snlKJt+ALywlIJuejb6TlE=">AAACFHicbVDLSsNAFJ3UV62vqEs3wSK4kJIUUXFVdOOyYl/QxDKZTtuhk0yYuRFKyG/oz+hK1I2492+c1Ajaejdzzj1n4JzrR5wpsO1Po7CwuLS8Ulwtra1vbG6Z2zstJWJJaJMILmTHx4pyFtImMOC0E0mKA5/Ttj++zPT2HZWKibABk4h6AR6GbMAIBr3qmY47wpC4vuB9NQn0k/TT9NwNMIx8P2mkt1UXxA+90fSoZ5btij0dax44OSijfOo9893tCxIHNATCsVJdx47AS7AERjhNS26saITJGA9pV8MQB1R5ybRaah0MhLRgRK0p/+1NcKCyyNqTxVOzWrb8T+vGMDjzEhZGMdCQaIvWBjG3QFjZhaw+k5QAn2iAiWQ6pUVGWGIC+o4lXd+ZLTsPWtWKc1Jxro/LtYv8EEW0h/bRIXLQKaqhK1RHTUTQA3pCr+jNuDcejWfj5dtaMPI/u+jPGB9fe86foA==</latexit>
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•  F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988)  th

• D. B. Kaplan, Physics Letters B 288, 342 (1992). 



Fate of Chern insulators @ strong couplings 
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At strong couplings , we obtain a quantum compass model g2/a1 ≫ 1

 linkτyτy

 linkτxτx

 Sx
i0 = ∏

j

τx
i0,j

similar to Dirac strings in ℤ2LGTs
Z. Nussinov and E. Fradkin, Phys. Rev. B 71, 195120 (2005) th

We obtained the critical lines with  tensor-network variational methods (iPEPs)
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⇧2 = h �2 i 6= 0, |Jy| � |h| , |Jx| < |Jy|,
fermion 

 condensates

 chiral symmetry breaking…inversion

 local symmetry…intermediate
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Fate of Chern insulators @ strong couplings 
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Effective potential and large-  Chern insulators N

Auxiliary  fields and resum the leading-order diagrams at large  σ, π N

+ + +⋯ =

Non-standard resumation & novel radiative corrections

Π̃1

Π̃1



Effective potential and large-  Chern insulators N
The piase diagram has regions hosting large-  Chern insulators, TBIs, and FMsN



Effective potential and large-  Chern insulators N
Large-  condensates give simple contributions to self-energyN

Z. Wang and S.-C. Zhang, PRX 2, 031008 (2012)th
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Effective potential and large-  Chern insulators N
New large-  quantum corrections lead to 1st-order phase transitionN
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