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In EFT’s arising from string compactifications, moduli are stabilized at 
the minima of a scalar potential

This raises many questions:

▪ Finiteness?

▪ How many vacua?

▪ Flat directions?

▪ Complexity?
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1. F-theory landscape

2. Finiteness of the flux landscape

3. Refining the flux landscape

4. Conclusion
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Consider F-theory compactified on an elliptically fibered Calabi-Yau fourfold with 
fluxes (see [Grana: 2005], [Douglas, Kachru: 2006], [Denef: 2008] for reviews)
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Consider F-theory compactified on an elliptically fibered Calabi-Yau fourfold with 
fluxes (see [Grana: 2005], [Douglas, Kachru: 2006], [Denef: 2008] for reviews)

This yields a D=4, N=1 supergravity theory:
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▪ Scalar potential:
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▪ Scalar potential:

▪ Global (Minkowski) minima are given by
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▪ Scalar potential:

▪ Global (Minkowski) minima are given by

▪ A special subset of vacua are
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▪ [Cattani, Deligne, Kaplan: 1995]

Locus of bounded Hodge classes is algebraic:
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▪ Goal: generalize one-parameter proof of [Schnell] [Grimm: 2020]
to arbitrary number of moduli, and push our understanding
of asymptotic Hodge theory.
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▪ Goal: generalize one-parameter proof of [Schnell] [Grimm: 2020]
to arbitrary number of moduli, and push our understanding
of asymptotic Hodge theory.

▪ Prevent infinite tails approaching boundary of moduli space.

▪ Strategy: use asymptotic Hodge theory to analyze self-duality condition
and growth of the Hodge norm in nilpotent orbit approximation.

▪ Major technical advances in computation of Hodge norms [Grimm, JM: 2023]
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▪ Crucial to go beyond leading order ‘Sl(2)-orbit’ approximation
->infinite series of corrections [Cattani, Kaplan, Schmid: 1986]

-> multi-variable generalization of bulk reconstruction [Grimm, JM, van de Heisteeg: 2021]
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▪ Crucial to go beyond leading order ‘Sl(2)-orbit’ approximation
->infinite series of corrections [Cattani, Kaplan, Schmid: 1986]

-> multi-variable generalization of bulk reconstruction [Grimm, JM, van de Heisteeg: 2021]

▪ Can use these methods to refine previous analyses

▪ Classification of F-theory scalar potentials [Grimm, Li, Valenzuela: 2020]

▪ WGC for D3-particles [Bastian, Grimm, van de Heisteeg: 2021] [Gendler, Valenzuela: 2021]

▪ Asymptotic accelerated expansion [Calderón-Infante, Ruiz, Valenzuela: 2023]

▪ …
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Beyond finiteness & asymptotics
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▪ Due to additional constraint W=0, the system is overdetermined -> solutions are rare

(theory of unlikely intersections, (Ax)-Schanuel conjecture)
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▪ Due to additional constraint W=0, the system is overdetermined -> solutions are rare

(theory of unlikely intersections, (Ax)-Schanuel conjecture)

▪ After solving for the moduli in terms of the fluxes, the remaining W=0 equation can 
be viewed as a highly transcendental* equation over the integers

▪ Pila-Wilkie counting theorem: [Pila, Wilkie: 2006]

“The number of lattice points in the transcendental
part of a tame set grows sub-polynomially
in the height”
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▪ Generically, W is a highly transcendental function. But not always!
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“algebraic” “transcendental”

▪ Expect counting of W=0 vacua to change drastically whenever               

▪ Important: the level can locally reduce along special “symmetry” loci, on which W becomes 

algebraic, due to appearance of additional Hodge tensors [Grimm, van de Heisteeg: 2024]
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*i.e. points which do not lie on a symmetry locus where higher Hodge tensors appear

▪ Compare to counting of W=0 vacua in type IIB orientifold compactifications
[Giryavets et al: 2004] [Conlon, Quevedo: 2004] [DeWolfe et al: 2005] [Plauschinn, Schlechter: 2023]

▪ For positive-dimensional vacuum loci, there are even stronger finiteness theorems, 
independent of L! [Baldi, Klingler, Ullmo: 2021]
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▪ If     is too large -> cannot stabilize all moduli within bound! [Bena et al: 2021] 

▪ Spirit: fluxes with small tadpole cannot stabilize a large number of moduli

▪ Formulate a version for general variation of Hodge structure (beyond Calabi-Yau)

▪ Restrict to Hodge classes (W=0) -> more tools for possible proof
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Conjecture 3: Generalized tadpole conjecture for the Hodge locus

▪ For Calabi-Yau fourfold case: expect

▪ Gives a criterion for when the Hodge locus does not contain points

▪ Interesting for mathematicians

▪ Deep finiteness results for Hodge tensors [Baldi, Klingler, Ullmo: 2021]

▪ Hodge conjecture + reduction theorems as possible testing ground
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▪ Tameness/o-minimality is rather coarse, difficult to make quantitative statements

▪ Sharp o-minimality [Binyamini, Novikov: 2022]

▪ Assigns a “sharp complexity” (F,D) to a definable set, reflecting its geometric 
complexity

▪ E.g. for polynomials: D = degree, F = number of variables

(see also [Grimm, Schlechter, van Vliet: 2023] for application in physics)
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▪ is not sharply o-minimal

▪ It is conjectured that periods are definable in 

a sharply o-minimal structure [Binyamini, Novikov: 2022]
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o-minimal

sharply o-minimal

▪ Results in sharp o-minimality + (F,D) -> new bounds on counting of vacua

▪ Formalizes the counting result of Ashok-Denef-Douglas
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Future questions:

▪ Test conjectures in scans of F-theory landscape? 
[Krippendorf et al: 2023], [Plauschinn, Schlechter: 2023], [Grimm, van de Heisteeg: 2024]
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Thank you!
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