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4. Tensor Network methods in a nutshell
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6. Numerical simulations

System parameters DMRG parameters Wavepacket parameters TEBD parameters
a=1 Ymax = 200 o= 3a 0t = 0.05
I - 01 esvp = 1077 Jo =20 esyp = 1071
(Dirichlet OBC) Xmax = 90
(&5 — &0)/Emax,0 1 second = 30 frames = 40 time units = 800 TEBD time steps |:° “ee.. ,Z °*
1|‘ /\ | | |
O |_|'|_|_|_|_|'|_/|\_|_|_|_|_|_|_|'| Q 100
iy )

oo o 2o o K o K o K o R o B o BN o B2 BN o 2o 2K o 2K o B o K o o BN o BN o B o K o K o B B o B o B o BN o BN o BN S AR K o
iado B B o B o B o BN o B o BN o B o o B2 2o N o K o K o N o B o BN o BN o o B o B o B o B o B o BN o B o B o B o B0 o

TEBD Gates et ot

Slide 18/24



6. Numerical simulations

System parameters DMRG parameters
a=1 Ymax = 200

L =100 Nsweeps — 50

€ESVD — 10_13

(Dirichlet OBC)

Wavepacket parameters

o= 3a
k=m/2a
Jo = 20

TEBD parameters

ot = 0.05
At = 400
ESVD = 10~ 10
Xmax = 00

Slide 19/24



6. Numerical simulations

System parameters DMRG parameters

a=1 Xmax = 200
L =100 Nsweeps — 50
=01 13
g =" esvp = 10~
(Dirichlet OBC)

N

Wavepacket parameters

k=m/2a
Jo = 20

TEBD parameters

ot = 0.05
At = 400
ESVD = 10~ 10
Xmax = 00

VAN

o= 2a

o =3a /\

o =4a

Slide 20/24



6. Numerical simulations

System parameters DMRG parameters

a=1 Xmax = 200
L =100 Nsweeps — 50
=01 13
g =" esvp = 10~
(Dirichlet OBC)

Wavepacket parameters

o= 3a
(k= m/24)
Jo = 20

TEBD parameters

ot = 0.05
At = 400
ESVD = 10~ 10
Xmax = 00

Slide 21/24



6. Numerical simulations

System parameters DMRG parameters Wavepacket parameters
a=1 Xmax:200 o= 3a
L =100 Moweeps = 50 (b =7/2a)
g*=0.1 ~13 - — 90
€ESVD = 10 Jo =
(Dirichlet OBC)

|

TEBD parameters

ot = 0.05
At = 400
esvp = 10717
Xmax = 00

maximum dispersion (curvature), null group velocity

Slide 21/24



6. Numerical simulations

System parameters DMRG parameters Wavepacket parameters
a=1 Xmax = 200 o= 3a
L =100 Moweeps = 50 (b =7/2a)
g*=0.1 ~13 - — 90
€ESVD = 10 Jo =
(Dirichlet OBC)

|

TEBD parameters

ot = 0.05
At = 400
esvp = 10717
Xmax = 00

maximum dispersion (curvature), null group velocity

Slide 21/24



6. Numerical simulations

System parameters DMRG parameters Wavepacket parameters TEBD parameters
a=1 Xmax = 200 o= 3a ot = 0.05
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|
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minimum dispersion (curvature), maximum group velocity Closest case to a “real 3D photon”
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6. Numerical simulations
og=3a k=m/2a

AN VAN

Nothing happens: good, they are like photons, but bad, it’s boring like this!

It becomes less and less interacting as we approach the continuum limit:

Energy density Energy density in log
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50 50
0.4 —
100 100 o ha
0.3 o
150 150 .
0 Interaction effects:
200 20 - Lattice artifacts
950 0.1 950 - Finite size effects
- 1D lattice geometry
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Introduction

k q
........................................................................................................... N
x
Interacting groundstate (dressed vacuum)|()) H = Hy+ Hyy

Goal: prepare these

T Yot )

Q \ )

-~

Toy Model: (quasi)-1D Hamiltonian Lattice Pure Quantum Electro Dynamicson Ladder Geometries

first step computable | quantum tech Scattering photon propagation

quantum tech first step first step
(still interacting)
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Motivation: problems and solutions

Quantum
Physics

assumptions:

Analytical

discretization:

o o o]

IRARARAI
IRARAR
IRARARAI

Models

problem:

dim H
I
Numerical (’)(dL)

Monte Carlo

Quantum
technologies

Some problems remain intractable...

sign problem...

finite density
(fermions)

out-of-equilibrium
(scattering...)

Q. Simulations

&5 &

Tensor Networks
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1. Theoretical background

@ (2+1)D pure EM Hamiltonian

S
Spacing a

‘H Hilbert space

Coupling 92 = e

@ Choose geometry, topology

Size L (# plaquettes)

(Quantum d.o.f survive!)

Space Discretization

%q

e Canonical quantization [El, Um] = 5lmUl

1 Divergence Gauge
_ 2 2 2
H = 2 d°x (E + B ) of E invariance
Electric Wilson line  Wilson loop Vertex flux Gauss’ Law
E e N AGi
— — > YUga > i > G;=0
>
05 é, i) = 0
Electric op. Comparator  Plaquette Gauge Physical states
operator generator
1 i q A
g 2 (UaHe) (G H] =0
]

2
@ Kogut-Susskind Hamiltonian F — g_ E El2 +
a
l

Physical Hilbert space

thys
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1. Theoretical background

H
To simulate (I1T1 111

U(1) Lattice QED

VY link Hilbert space Hlink

Operators | [/

CCR [E,U]=U

Unitarity UUt =1

A

Gauge generator (G

H
We want H finite-dimensional!
=

U(1) Quantum Link Model (QLM)

SU(2) irreducible representatiors € N/2

S* —— s, =1/2

gt /s Arrow notation —»— s, =1

— 5, = 3/2
0(5%) ={—s,...,s} finite! v

57,811 =8T v

StS§~ /s> =1 v Kogut - Susskind limit s — 0o

) ) A — —
S7 4+ 87— S N ; i

Allowed v Not allowed %
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2. The pure Lattice QED on ladder geometry

Spin . L plaquettes ladder in PBC Construct operators
representation

Translation and reflection inv. R

1 7 Computational basis

Lowest spin irrep assignments >
which admits gauge inv. configs: v

- 2
1/2 1 7 @j
. : H;
: —
T

A

: R >

Gauss’ Law on vertices

T T T ;
ff@ dimH = 2% +2 T = 0
TT T Exp sTcaIing Dispersion relation!
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2. The pure Lattice QED on ladder geometry, 1)

Massive

m >0 &

m
N

Lattice

p

- continuum of multi-particle states

N 2m #
. \\ 9 //
Continuum "~ —aband of bound states

single-particle states

Second many-body band

First many-body band

Massless

Single-particle band

By PASA

k
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2. The pure Lattice QED on ladder geometry, 1)

gt =05 g* = 50.0
Assuming
3808333808273
[I:I : T] — ( Translational invar. (PBC) 920 2 e eenaees® N
| | Wb THUIIIT
L =13 Intermediate system size M
1/2 1 Lowest spin rep.
pin rep ol | | T
a=1 Unit lattice spacing
te i
( varying the coupling g ) ' ol
0
it I
Simultaneous exact diagonalization ||III|IIII|
(computationally difficult step) T L 30 postllllNN0e,
—10
dimH =8194  [Ttreeaeeet
o o

Dispersion relation

in our (interacting!) model:
( g’ Gapped phase Critical point  Gapped SSB phase

(massive photon) (massless photon) (degenerate g.s.)
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2. The pure Lattice QED on ladder geometry, 1)

JHHHUL
T
iy
[T
1
||||| |
o NN
[T
I

— Many-body bands

nllluuulloﬂ — Two-quasiparticle band

—10

— Single-quasiparticle band

—> Groundstate

- k)

I..‘......EI‘..I
)
[e]

Program

F 6) = axlk) \

Single-particle state
(Bloch basis)

Wannier Functions
(real-space basis)

K Wave-packet state J
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3. Construction of the wavepackets

Wannier states

W (6:)) %% |k)
W fz k)
gj 4

AN Y

{3
e}
Energy density

Eilo] = (8| H;|4)

Spread functional

ERZIC (ijé’j[cb]

W=7\ S ae

:

Maximally localized Wannier

states

W) = [W;(0))

0 0
Minimize o2 T gﬂ
pa

> O

Energy density after minimization
10°7

10—5 L

10—10 L

g* = 0.0001
g* =0.001
g*=0.01
gt =01

g* = 0.2

gt = 0.5

gt =10
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3. Construction of the wavepackets

Wannier creation

Wannier creation ansatz Interpolation
operator
A A choose L,
1 p U
W|Q> _ |W> <—W—> ..............................................

Minimize

|€2) Interacting! W(e)|Q) — W)

Linear system

Ac=0b
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3. Construction of the wavepackets

Infidelity 1—F

Infidelity of the interpolation of the Wannier state W), L =13

g* = 0.0001
g* =0.001
gt =0.01
gt =01

gt =0.2

gt = 0.5

gt =10

—_
DO
w
=
ot
(@)
\]
oo
Nej
—
[a)
—
—
—
\)
—
w

Interpolating extension w
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3. Construction of the wavepackets

«—W—. Smallw~35

similar for L large enough

Q)

)

N.

||

Intermediate L ~ 15

N

D

Wiy i

[ I e [T T T [T 1] Large L ~ 300

Interface effects... How ?

(On top of the interacting vacuum) |W]> — Tj |W0>

Wannier function — building blocks to construct any single-(quasi)particle

state.
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4. Tensor Network methods in a nutshell

Tensor Networks notation: each tensor T (node) has nindices i (links). Each index has a dimension d (size).

J

J J ? +
’ k+l I @
| | . | |
() () () () 7
vectors matrices tensors vector-matrix matrix-matrix scalar prod. trace
Vi M;; Tijk M;;V; M Ni; V:W; M

Singular Value Decomposition (SVD)

6-rank tensor two 4-rank tensors
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4. Tensor Network methods in a nutshell

Physical links with local dimension d

Virtual bond dimension

XXX x

Quantum MB states m — m Matrix Product States
A I I SVvD

Quantum MB Operators " - . . Matrix Product Operator
I SVD I
Computational resources O (dL) — O ( L) ( We can menage really high L)

Local Hamiltonian

Is this representation efficient? Area law states )

MPS with low X
Hilbert space H
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4. Tensor Network methods in a nutshell

Useful MPS and MPO Algorithms

Ground-state search Density Matrix Renormalization Group

HHH

MPO Hamiltonian

Large systems
(with just a laptop!)

L > 100

SR AR ARRARRRA

MPS ground-state |€2)

DMRG

Time evolution for MPS  Time Evolving Block Decimation (...but also TDVP)

"

Time evolution operator

Operator to MPO conversion

S Lo= Y H-

Sum of compositions of local operators

, H o+
alls.

lteration of gates

Suzuki-Trotter 0t

Automata procedure
Matrix Product Operator
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\ 4. Tensor Network methods in a nutshell

Automata procedure

Wannier creation operator

0 Operator picture O = E e W = Z Coay...o Loy -+ Lay,
e a]_...aw
) B
A n - ary tree
e Automata picture L
Cll 012
C121 022
" " Ab
A B C '
e Matrix picture ﬁ E’ ﬁ’ ) @, (ew)
G H I '

[
e TN picture —+— — e “Wannier Ansatze”
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5. Back to Wavepackets

(Real space)
Wannier creation

operator Ansitze Wavepacket Ansatz Gaussian wavepacket
—WV—
1 _G-in? ..
A L1 A R TR R TR FRY (R — 0’ ijko
— N W | e = —€ 20 e
W= -g88 ¢ U N

W w ko,
J:o

e trrrrrree 19000000000

W No scaling OfX with size! | ®

Large L vacuum state = 0O(e"
found with DMRG X (€% %)

Momentum space
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6. Numerical simulations

System parameters DMRG parameters Wavepacket parameters TEBD parameters
a=1 Ymax = 200 o= 3a 0t = 0.05
I - 01 esvp = 1077 Jo =20 esyp = 1071
(Dirichlet OBC) Xmax = 90
(&5 — &0)/Emax,0 1 second = 30 frames = 40 time units = 800 TEBD time steps |:° “ee.. ,Z °*
1|‘ /\ | | |
O |_|'|_|_|_|_|'|_/|\_|_|_|_|_|_|_|'| Q 100
iy )

oo o 2o o K o K o K o R o B o BN o B2 BN o 2o 2K o 2K o B o K o o BN o BN o B o K o K o B B o B o B o BN o BN o BN S AR K o
iado B B o B o B o BN o B o BN o B o o B2 2o N o K o K o N o B o BN o BN o o B o B o B o B o B o BN o B o B o B o B0 o

TEBD Gates et ot
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6. Numerical simulations

System parameters DMRG parameters

a=1 Xmax = 200
L =100 Nsweeps — 50
=01 13
g =" esvp = 10~
(Dirichlet OBC)

Wavepacket parameters

o= 3a
k=m/2a
Jo = 20

TEBD parameters

ot = 0.05
At = 400
ESVD = 10~ 10
Xmax = 00
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6. Numerical simulations

System parameters DMRG parameters

a=1 Xmax = 200
L =100 Nsweeps — 50
=01 13
g =" esvp = 10~
(Dirichlet OBC)

N

Wavepacket parameters

o= 3a
k=m/2a
Jo = 20

TEBD parameters

ot = 0.05
At = 400
ESVD = 10~ 10
Xmax = 00

VAN

o= 2a

o =3a /\

o =4a
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6. Numerical simulations

System parameters DMRG parameters Wavepacket parameters TEBD parameters
a=1 Xmax = 200 o= 3a ot = 0.05
L =100 Neweeps = B0 k=m/2a At = 400
g*=0.1 esvp = 10713 Jo = 20 esvp = 10717
(Dirichlet OBC) Xmax = 90

|

maximum dispersion (curvature), null group velocity

k=055 /N

minimum dispersion (curvature), maximum group velocity Closest case to a “real 3D photon”
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6. Numerical simulations
og=3a k=m/2a

AN VAN

Nothing happens: good, they are like photons, but bad, it’s boring like this!

It becomes less and less interacting as we approach the continuum limit:

Energy density Energy density in log
05 L = 300
50 50
0.4 —
100 100 o ha
0.3 o
150 150 .
0 Interaction effects:
200 20 - Lattice artifacts
950 0.1 950 - Finite size effects
- 1D lattice geometry
300 0 300
0.0 169.75 339.5 509.25 679.0 0.0 169.75 339.5 509.25 679.0
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