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FEvolution of cosmic large-scale structure

[Springel, Frenk & White, Nature 440, 1137 (2006)]
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Quantum origin of fluctuations

@ Universe was almost homogeneous at early times
o small fluctuations magnified by gravitational attraction

o primordial quantum fluctuations from inflation
[Mukhanov & Chibisov (1981), Hawking (1982), Starobinsky (1982), Guth & Pi (1982),
Bardeen, Steinhardt & Turner (1983), Fischler, Ratra & Susskind (1985)]
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@ can be very well controlled experimentally

o develop and test quantum field theory

o finite density, finite temperature

@ out-of-equilibrium

@ quantum information
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Non-relativistic quantum fields

o Bose-Einstein condensate in two dimensions
[Gross (1961), Pitaevskii (1961)]

r[®)] —/dtd%{h@*(t,x) [i% - V(t,x)] ®(t,x)

- %V@*(t, x)V(t,x) — %t)cb*(t,x)?cb(t, x)2}

@ low energy theory for bosonic atoms
@ optical trap potential V(¢,x)
o coupling strength A(%)
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Feshbach resonance

Scattering length

o allow to control scattering length or effective s-wave interaction strength
through magnetic field B
@ can be made time-dependent by varying magnetic field

AlD)

O*(t,x)°D(t,x)°
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FExperimental realization

[Markus K. Oberthaler group, Uni Heidelberg]
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Superfluid and small excitations
' V(@)

Complex non-relativistic field can be decomposed

B = % (m+i

o for+ i)

real fields ¢1 and ¢- describe excitations on top of the superfluid

low energy field ¢2(t,x)

stationary superfluid density no(x) and vanishing superfluid velocity

V:EVS():O
m
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Sound waves / phonons

o small energy excitations are sound waves or phonons

propagate with finite velocity, similar to light

local speed of sound

es(tx) = )\(t)?’ZO(X)

sound waves propagate along

1
ds* = —dt® + ——(dx — vdt)? =
5 Jrcs(t,x)Q(X vdt) 0

@ acoustic metric for vanishing fluid velocity v =0

—1 0 0
Guv = 0 cs(tx)2 (1)
0 0 cg(t,x)2
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Relativistic scalar field

o Low energy theory for phonons (with ¢ = ¢2/+/2m)

Tlg] = /dtdzmﬁ{—%g"" &Lqﬁ&,qb}

@ metric determinant /g = /—det(g,.)

@ acoustic metric depends on space and time like the space-time metric in
general relativity

@ phonons behave like a real, massless, relativistic scalar field in a curved
spacetime |

@ quantum simulator for QFT in curved space
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Density profiles

@ experimental realization with optical trap and digital micromirror device

@ approximate realization in harmonic trap

Density

Position
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Acoustic spacetime geometry

@ variable transform to 0 < u < oo

u/R

.0 02 04 06 08 10
rR

o leads to Friedmann-Lemaitre-Robertson-Walker metric

ds® = —dt® + a*(t) LUQ + v’ dyo®
1—ku?

@ negative spatial curvature

k= —4/R?
@ scale factor
m 1
a(t) = | ———
(1) 7o 30D
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Hyperbolic geometry
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Experimental realization in a Bose-Einstein condensate
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Geometries with constant spatial curvature

Geometry

Density

spherical flat hyperbolic
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Propagating sound waves
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Ezxpansion and particle production

QLS

@ time-dependent scattering length induces time-dependent metric

scattering
length ag

2

du 2 2
T ra2 + u“dy )

ds®> = —dt® + a*(t) <1

particle concept works well in regions | and Ill but not in region Il

@ vacuum state in region | leads to state with particles in region Ill

expanding space leads to particle production

analytic calculations possible for power law scale factors

a(t) = const x ¢
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Laplace operator
o Laplace-Beltrami operator with spatial curvature
|H‘|:sm989 (Sln989) sin2 982j| for kK >0

A = 85 18 + 82 for x =0
I [sinhgaa (smha&,) s 32] for k<0

@ eigenfunctions

Yim(0,0) for k>0 with [€Ng,me {—1,..

Him(u, ) = Xem(u,0)  for k=0 with keRI , mezZ
Wim(o,9) for k<0 with [€ Rg, meZL

e eigenvalues with k = |&|l

—k(k+/|k]) for k>0
h(k) = —k? for k=0
— (K +3lk]) for k<0

7l}
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FEigenfunctions

@ positive spatial curvature k > 0: spherical harmonics

(I—m)!

imep P
xm) e im (cos 6),

Ylm(97 90) =

@ vanishing spatial curvature xk = 0: Bessel functions

Xiem (u, ) = eme I (ku),

@ negative spatial curvature kK < 0: sperical harmonics with complex angular
momentum

F(Zl =+ 1/2) ei'rmp m

Win(o, @) = (1) T+ m+1/2) ii—1/2 (cosh o),
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Mode functions and Bogoliubov transforms

o field gets expanded in modes

o(t,u,0) = /km [&km?{,km(u, w)ue(t) + &Zm?{zm(u, Lp)v;:.(t)]

e temporal mode functions satisfy

—iwpt

@ vacuum state only unique for a(t) = 0 where v,(t) ~ e

@ Bogoliubov transforms between different choices of @, and vacuum states
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Bogoliubov transforms

@ in region | one has positive frequency modes v and corresponding
operators. Define vacuum
am |2y =0

@ similar in region Il positive frequency modes wuy with

b |¥) = 0

@ Bogoliubov transform mediates between them

>k * *
up = apvp + Brug, U = apur — Brug

@ operators are related by

b = aZ&km - /B;(fl)mazy_m

e condition |au|? — B> =1
e constant term in spectrum Ny = |B|?
o oscilating term AN, = Re[ayf1e*™+)
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Cosmology in d =2+ 1 spacetime dimensions
@ analytic solutions for many choices of

a(t) = const x ¢

o correlation function in momentum space proportional to

1
Sk(t) = 3 + N + Ay cos (Qk + 2wkt)

o depends on number of e-folds, exponent -y and time after expansion ceases

k=0, t=t;, 1 e-fold 2 e-folds 10 e-folds

1.5 y=12 7
I

........ y=32/

5 —
110 (t-t)/at 1

1 y=112

< 7
& ,
7 N\ o
0.5 W
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Observation of particle production

contrast &,

no ramp

@ rescaled density contrast

o allows to access correlation functions of relativistic scalar field by
observation of density fluctuations
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Density contrast correlation function
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o before and after expansion
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Time dependent correlation functions after expansion
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Experiment Theory

@ analgous to baryon accoustic or Sakharov oscillations in cosmology

@ optical resolution important for detailed shape
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Ezxpansion history

r Decelerating Universes 1 Coasting Universe Accelerating Universe
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Oscillations in Fourier space
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o Fourier spectrum of excitations
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@ decelerated, coasting and accelerated expansion

@ good agreement with analytic theory (solid lines)



Quantum recurrences

@ uniform expansion with a(t) = Qt is special

@ shows quantum recurrences of the incoming vacuum state at special values

kn = afA_tai {(ln(zr/ai)eri] 7

with integer n =1,2,3,...
@ at these points one has trivial Bogoliubov coefficient 5y = 0

of wavenumber &

=

@ can be seen experimentally as a discontinuity in the phase !
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The scattering analogy

Region | Region Il Region Ill
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f e
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i v
@ evolution equation
: 2
a(t k= + |k|/4
0 /4, 0 —

(1) +2@bk(t) (1)

@ can be rewritten with rescaled mode function and conformal time

PYu(n) = v a(t)oi(t), dt = a(t)dn

@ results in stationary Schrédinger equation

G nn) + B = V)l vl = 0
with V() = a®/4 + da/2 and E = —h(k) = k?
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Some example potentials

Amax [
=
T
=
9]
2
Q
&
2
<
Q
%)
Amin
t Iy
Time ¢
V(n) ? V(n) ? Vi) A A
}YgiiJ[iiiiiiiiiiiiiiiiiiiil- : I
ni N i s 7 ns

: ]

, v -HMA— ]

A

potential V(n) = a®/4 + Ga/2 has Dirac peaks when & has discontinuity
@ coasting universe a ~ t leads to square barrier

o “radiation dominated” universe a ~ t/% has only Dirac peaks

particular anti-bounce leads to square well
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Resulting particle spectra

Wavenumber k [H' /2]
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@ resulting particle spectra

1
Si(t) = 3 + Ni + ANR cos(2wi(t — 1) + U)

o reflection amplitude has zero crossings that explain phase jumps
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Periodic universes
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@ combination of expanding and contracting phases where a ~ £2/3

@ potential landscape with attractive and repulsive Dirac peaks

@ can be solved with transfer matrix method
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Relativistic fermions in materials
o low energy theory of Dirac materials

F[\II]:/dtdgz{—\i [7°8t+w( vV 4+ A(t } }

o time dependent Fermi velocity vp(t)
e change in twist angle for bilayer graphene
e change in pressure
o light pulses
o time-dependent gap or mass parameter A(¢)I" can be
o breaking spatial inversion I' =1
o Kekulé modulation of hoping I' = v cos(a) +~+° sin(a)
o Haldane mass breaking time parity I’ = 3°

@ can be manipulated with fast electronics

et at e,
EEsiTas:
SEEaies
EIEEEEIREE

¥t oo
T

graphene

4° graphene
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Fermions in curved spacetime

@ action for Dirac fermions in general spacetime

T[] = /dtd%\/g{_@wea“au(au + Q) + ml] 0

o tetrad field e,” inverse to e, so that

9w (2) = €% (@) ()00

e spin connection Q,, = wuas[y®,7?]/8 with
Wpas = —Navy [Oue”, —Th,e",] e5”
and Levi-Civita connection I'},,

o local Lorentz transformations

o general coordinate transformations

33/ 36



Weyl scaling transformation
e transform Dirac fields (with conformal weight Ay = (d —1)/2 =1)

U(z) = e “DW(z), U(z) — e “DU(z)

e transform tetrad field
% (z) = e ()€, (w)

and accordingly metric like

Guv () — e Guv (2)

@ spin connection transforms like

WpaB — Wuapg + [eaueﬂl’ - eﬁuea”} ¢

@ gap term is not invariant
ml = @ mr

allows to transform a time-dependent mass term into a constant mass term

only ratio A(t)/vr(t) matters for particle production
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Fermionic particle production

o time dependence of ratio A/vp
Alvp
Ao/vo

Arfvy

i n

@ leads to particle production
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Conclusion

o Bose-Einstein condensates can act as quantum simulators for quantum
fields in curved spacetime

@ symmetric spaces with constant curvature can be realized with specific
density profiles

o experimental realization achieved in two spatial dimensions

@ time-dependent coupling allows to simulate expansion or contraction
@ particle production

@ Sacherov oscillations after expansion allow detailed investigations

@ scattering analogy picture allows to gain insights into many possible
"cosmologies”

o fermion production in expanding geometry could be realized with Dirac
materials

@ extensions to three dimensions, other geometries, different field content,
and more, to come

o Geometric fields (metric, tetrad, spin connection, Weyl gauge fields, ...)
allow to study very interesting regime of non-equilibrium physics
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Backup



Symmetries and Wigners classification

Particles as representations of space-time symmetries [Eugene P. Wigner (1939)]
@ translations in space and time <> momentum, energy, mass
@ rotations and Lorentz boosts <+  spin / helicity

e what happens when translational symmetries get broken?



Baryon acoustic oscillations

Multipole moment, ¢
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Hyperbolic geometry in Minkowski space

o start with Minkowski space ds? = dX? + dY? — dZ?
o consider hyperboloid (“mass shell”) X? + Y2 — 72 = —R?/4

@ stereographic projection to Poincaré disc



Horizon crossing

@ power law expansion
a(t) = const x t”7

@ can be decelerating, coasting or accelerating
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Bogoliubov dispersion relation

I I I I I
0.0 0.5 1.0 1.5 2.0

e Quadratic part of action for excitations

2
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e Dispersion relation
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Renormalization in two dimensions
[S. Floerchinger, C. Wetterich, Superfluid Bose gas in two dimensions, PRA 79, 013601 (2009)]
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Temperature dependence

@ initial state not necessarily vacuum

@ allow finite temperature T, leads to enhanced fluctuations
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Phases
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More e-folds

k=0, t=t;, 1 e-fold
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10 e-folds
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Correlation functions

e correlation functions in

position space with Gaussian window function for
UV regularization
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Power spectra

k=0, y=1, t=t;, 1 e-fold
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Horizons and inflation
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