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Motivation: Strong Interaction in Standard Model of Particle Physics

... understanding the phase diagram and real time dynamics

Quantum Chromodynamics
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http://theory.gsi.de/~friman/trento_06.html

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

Path Integrals Quantum Chromodynamics (QCD)
y _ Monte Carlo (MC)
// NN Simulations
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FLAG Review 2021
[Aoki et al. Eur.Phys.J.C 82 (2022) 10, 869]
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Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

Path Integrals Quantum Chromodynamics (QCD)
y “ ] Monte Carlo (MC)
// S S Simulations
e Euclid ] JQdarls | T ]
¢ =7 uclidean AT T _
// + space-time + . — Lattice QCD
_ e — —ia o -
T x/ - &
o . IR N .
Inaccessible with conventional (O[A,w, )Y = — | D[A] det D[A]e™ clA]
MC approach: Z |
vV
= Real time dynamics
. VC\J/o_mr;:])tIeV);/ — Sign Problem
- Topological 0-term elg — —P

= Finite chemical potential
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Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

Path Integrals
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Inaccessible with conventional
MC approach:

Quantum Chromodynamics (QCD)

Monte Carlo (MC)
Simulations

= Real time dynamics

- Topological 0-term

= Finite chemical potential

ETHzurich

VQuarlEs

Euclidean T

space-time = - Lattice QCD

e — —ia a{l |

(O[A, w,p]) = ~ D[A] det D[A]e 56l

vV
Complex |
Weight W = —————— Sign Problem

—— ,|Toy model for QCD in 3+1D: QED in |+ID

Schwinger model [Schwinger, Physical Review 125, 397 (1962)]

Chiral symmetry, confinement, string breaking ...
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Quantum Electrodynamics in 1+1D

- Schwinger Model (QED2) Lagrangian with topological & angle Schwinger, Physical Review 125, 397 (1962)]
P =B, 4 5 iy (0 +igA ;
0Ep2 = T Pik" F ZE BT A WY 0y +18A, ) W = myy
- Lattice Schwinger Model Hamiltonian: ® ® %
Y% ny wy
N-1 " N N-1 VRIS
. . 9) .
Hyppy = —1 Z (w — (= 1)”3 sin 9) <)(,,f)(n+1 —)(JH)(,@) + mcos 6’2 (=) 'yly, + JZ L, A
n=1 n=1 n=0 U2
e R
sitos links U

o n ; 1 — (—l)k |
Yy = 2 X X 5 Gauss’ law

k=1
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Quantum Electrodynamics in 1+1D

- Schwinger Model (QED2) Lagrangian with topological & angle [Schwinger, Physical Review 125, 397 (1962)]
1 w89 . _
Z 0ED? = ) F, F* + 4—ﬂ€ﬂyF +igyh | 0, +18A, | w — myy
- Lattice Schwinger Model Hamiltonian: $ 4 H : 2
Y Uy Y
N-1 - N NZ] SIS
Hyppy = —1 Z (w — (= 1)”3 sin 9) <)(,,f)(n+1 —)(JH)(,@) + m cos 6’2 (=) 'yly, + JZ L’ A
n=1 n=1 n=0 v
: /’ lilfks ¢ U
L = f Gauss’ law

Technicalities — starting from £ oy, to get Hyppyo:

: : i% : : : Lo " Ly v L, v L3 v L4
= Chiral U(1), rotation: w — €' 2 y; timelike axial gauge: Aj = 0 H H
X1=V%aq x2=Vu x3=Vq Xa=Pu
= Staggered fermion discretization
[Kogut, Susskind, Phys. Rev. D 11, 395 (1975)] Staggered Fermions
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Quantum Electrodynamics in 1+1D

- Schwinger Model (QED2) Lagrangian with topological 6 angle

| g0 . . _
Z 0ED2 = ) B+ 4—ﬂeﬂyF”” + 1ypy# <6ﬂ + 1gAﬂ> W — My

- Lattice Schwinger Model Hamiltonian:

N—1 N N—1
Hyppy, = —1 Z (w — (—1) > smH) <)(;§)(n+1 _)(;Ll)(n) + mcosé’z (=) 'yly, + JZ L?,
n=1 n=1 n=0
n 1__(_1)k
L = [ Gauss’ law
n ]; )(k)(k N

- Digital Quantum Simulations of QED2: non-exhaustive list Martinez et al. Nature 534, 516-519 (2016)]

Klco et al. Phys. Rev. A 98, 032331 (2018)]

[Kokalil et al. Nature 569, 355—-360 (2019)]

[Jong et al. Phys. Rev. D 106, 054508 (2022)]
'Nguyen et al. Quantum 3, 020324 (2022)]
[Chakraborty et al. Phys. Rev. D 105, (2022) 94503]
[Farell et al., PRX Quantum 5, 020315(2024)]
(Ghim et al., 2404.14788]

Guo et al, 2407.15629] . . .

ETHzurich

[Schwinger, Physical Review 125, 397 (1962)]
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Quantum Electrodynamics in 1+1D

- Schwinger Model (QED2) Lagrangian with topological 6 angle

[Schwinger, Physical Review 125, 397 (1962)]

| g0 . . _
Z 0ED2 = ) B+ 4—ﬂeﬂyF"” + 1y <6ﬂ + 1gAﬂ> W — My
- Lattice Schwinger Model Hamiltonian: ® ® %
ﬂfr ny wy
N-1 N N-1 ./ I\
Hoppy = —i = sing) (! * 0N (~1yiyiy, +7 Y L2 ! +
QED2 —1 Z W= (_ ) E SII )(n)(n+1 _)(,,H_l)(n + M COS Z (_ ) )(n)(n + n° o Us
n=1 n=1 n=0 U2
. /'. l'*k ¢ i
S 1 —(=1)* |
L = 2 X X 5 Gauss’ law
k=1
- Tensor Network approaches: alternative to/augmenting quantum simulations Banlus et al. Physical Review D 93, (2016) 094512]
Buyens et al. Physical Review D 94, (2016) 085018]
Buyens et. al. Physical Review X 6, 041040 (2016)]
Butt et al. Physical Review D 101, (2020) 094509]
[Funcke et al. Phys. Rev. D 101, (2020) 054507] « «
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Quantum-Simulation-Ready QFED?2 Hamiltonian

Jordan-Wigner transformation (space discrete, time continuous):

Hyppy = Hzz + Hy + Hy

J N—-1

Hy, = 5 2 2 LyZy

n=2 1<k<?t<n

1 N—-1

1 B g’a

- W

- 2a’ 2
- v(n;n,,n_) only term
affected by static charges

H, =— Z <w — (—1)"% sin 9) (X, X1 + Y, Y0)

2

n=1

mcos 6 & = L
Hy = — Y (=1)'Z,+J Y vinin.n) ) Z
n=1 n=1 =1

ETHzurich

[Chakraborty et al. Physical Review D 105, (2022) 94503]
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Quantum-Simulation-Ready QFED?2 Hamiltonian

- Jordan-Wigner transformation (space discrete, time continuous): Chakraborty et al. Physical Review D 105, (2022) 94503]
1 o2a Fixed-Q Adiabatic State Preparation
o Ww=—, J=—
HQED2 — HZZ + Hi -+ HZ 2a 2 0
- v(n;n,,n_) only term —0.1
g Nl affected by static charges > —0.2
>
H.,, = — 7 7 = | ~ —0.160g _0.3
77 — N k<t = (g — (Y1) from simulation '
n=2 1<k<f<n o Simulated data
0 0.5 g 1 1.5

1 N=l
Hiza ( — (- 1)”—s1n9> ( n+1+YnYn+1)
n=1

M cos 6 ~ .
H, = Z( 1)"Z, +sz(n n+,n)ZZf
. . [Trotter, Proc. Am. Math. Soc. 10 (1959),
*  Suzuki-Trotter decomposmon Suzuki Commun. Math. Phys. 51 (1976)]
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Quantum-Simulation-Ready QFED?2 Hamiltonian

- Jordan-Wigner transformation (space discrete, time continuous): Chakraborty et al. Physical Review D 105, (2022) 94503
1 o2a Fixed-Q Adiabatic State Preparation
- W= = —
HQED2 — 1177 + Hi + HZ 2a 2 0
- v(n;n,,n_) only term —0.1
g Nl affected by static charges I/g 0.2
H,, = — /.7 o _ U160g —0.3
77 N k<t (g — (Y1) from simulation
n=2 1<k<t<n o Simulated data 1
- 0 0.5 g 1 1.5
1 & m
_ n '
Hi — 5 Z (W — (—1) ? Slﬂ@) (Xan+1 + YnYn+1)
n=1
M cos 0 . = -
Hy=— Y (=1)'Z,+J Y vinin.n) ) Z
n=1 n=1 =1
. o [Trotter, Proc. Am. Math. Soc. 10 (1959),
*  Suzuki-Trotter decomposition Suzuki Commun. Math. Phys. 51 (1976)]

- Quantum simulations require efficient quantum state preparation algorithms

[Jordan, Lee, Preskill, Science 336 (2012) 1130-1133]
[Jordan, Lee, Preskill, Quant.Inf.Comput. 14 (2014) 1014-1080]
[Preskill, Quantum 2 (2018) 79]
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Quantum-Simulation-Ready QFED?2 Hamiltonian

- Jordan-Wigner transformation (space discrete, time continuous):

Hyppy = Hzz + Hy + Hy )

J N—-1

1
W =

2a’
- v(n;n,,n_) only term
affected by static charges

g’a

2

Hy, = 5 2 2 LyZy

n=2 1<k<?t<n

1 V=l
H, =— ( — (- 1)”—s1n9>( X, t+Y,

2 n=1

Y

n+1)

M cos 6 ~ .
H, = Z( 1)"Z, +sz(n n+,n)ZZf
. . [Trotter, Proc. Am. Math. Soc. 10 (1959),
*  Suzuki-Trotter decomposmon Suzuki Commun. Math. Phys. 51 (1976)]

- Quantum simulations require efficient quantum state preparation algorithms

ETHzurich

[Jordan, Lee, Preskill, Science 336 (2012) 1130-1133]

Chakraborty et al. Physical Review D 105, (2022) 94503]

Fixed-Q Adiabatic State Preparation

0
—0.1
s —0.2
<  0.160g o
= (g — (1)) from simulation :
° Simulated data
0 0.5 g 1 15
------------- T |
I
=) P(Et) b Ggu : —
1
I | |
I |

{
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I
I
I
I
———
I
I¢>* —": e 1H?
I
I
I
I
\

——————————————

I
I
|
I
I
I
I
repeat A times W)

Alternatives to ASP: Rodeo Algorithm

[Choi et al. PRL 127(4 (2021) 040505]

[Jordan, Lee, Preskill, Quant.Inf.Comput. 14 (2014) 1014-1080]

[Preskill, Quantum 2 (2018) 79]
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Adiabatic State Preparation (I)

Ground state preparation for H )z,

1. Initial state |yy): ground state of H,(0) = H,

2. “Evolve” H,(1): H,(T) = Hppp,
3. Ground state at time 7 approximated by

) = T {e O} [yp) & UMUT - 86)-- UQRSHUGT) | wo)

M S¥eps
—iH,(1)5t I - . .
= U(r) =e A .ot = —, Tfinite, Jdlscretlzed
M
- Applied to QED?2 [Chakraborty et al. Physical Review D 105, (2022) 094503]

[Ghim, Honda, arXiv:2404.14788]
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Adiabatic State Preparation (I)

- Ground state preparation for H )z,

1. Initial state |yy): ground state of H,(0) = H,

2. “Evolve” H,(t): H,(T) = Hoppy

3. Ground state at time 7 approximated by

|l//0> {

) = T {e O} [yp) & UMUT - 86)-- UQRSHUGT) | wo)

M steps

I

= U(r) = e Ha®% 5t — —  Tiinite, Jdiscretized

- Applied to QED?

ETHzurich

M

[Chakraborty et al. Physical Review D 105, (2022) 094503]

[Ghim, Honda, arXiv:2404.14788]

U (5t)

U(26t) — - - — U(T — 6t) — U(T) |—

-y

Adiabatic Theorem:

H ,(t) gapped, unique ground state —

lyp) = lim T {e o W HOY |y )

T— o

11/20



Symmetries of the QEDZ2 Hamiltonian

 Charge conservation:

= (). charge operator on the lattice

g
Q= 5 2 Z, [Q, HQED2] =0 = states belong to different charge sectors
n

« Schwinger Model is toy model of QCD, exhibits confinement and string breaking

- Full (8, m) phase diagram inaccessible to conventional MC simulations [Coleman, Annals of Physics 101 (1976) 239]
[Coleman, Jackiw, Susskind, Annals of Physics 93 (1975) 267

[Thompson, Siopsis, Quantum Science&Technology (2021)7

- Schwinger model is known to have a phase transition for @ = 7r and m/g > m_/g ~ 0.33

- (QED?2 has a ground state in nonzero charge sector for 0 € [0.87,1.57] and certain values of m
Multi-Q Adiabatic State

P tion is desirabl
. String breaking not accessible with state preparation algorithms that keep Q fixed reparation 1S cesirable

E’HZUF/Ch 12/20



Adiabatic State Preparation (ll)

* Fixed-Q ASP Algorithm (A1): single charge sector of H ),

H, (1) = Hpppo |

T

m(t) = my (1 —i) + m—;

- Charge remains constant:

- [O,H (0] =0, V¢

t
T

m=m(t),w=w(t),0=0(t)

w(t) = w?;

9@—91
T

- Challenging to determine the ground state for all (6, m)

ETHzurich

Fixed-Q ASP Algorithm:

|Og(|(EO,A1 - EO,ex)/EO,exl)

T 35.3%

3.60 -
2.90 A - 5.9%
2.20 A

- 1.0%
1.50 -
0.80

0.10

I 0.5%o0
0.3%o00

0.00 0.38 0.76 1.13 1.51 1.89

e/n
(Q)a1 L 00
3.60 I ~og
2.90 - 0.75g
2.20
- 0.50-g

1.50

0.80

I0.25-g
0.10 10.00-g

0.00 0.38 0.76 1.13 1.51 1.89
o/m

Exact Diagonalization:

Ey exact

3.60

2.90

2.20

1.50

0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
o/n

(Q) exact
3.60

2.90 L 0.75-g

2.20
L 0.50-g

I0.25-g
-0.00:g

1.50

0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
o/n
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Adiabatic State Preparation (lll)

- Multi-Q algorithm: arbitrary charge sector of HQED2

Exact Diagonalization: Multi-Q ASP Algorithm:
_ ; N ! Fo exact 109(|(Eo, a2 — Eo, ex)/Eo, ex!)
HAZ(t) - 1 I ﬂ f(n>Xn + _HQED2 for f(n) - {_ 1,1 } 3.60 I — 35.3%
T T 2.90
n=1 - 2.90 - L 5.9%
2.20 290 -
£ 150 S -1.0%
' | 1.50 A .
. Several choices for f(72) probed, best thus far: f(n) = (—1)" 0-80 0.80 IO-S/oo
0.10 0.10 A ]
0.00 0.38 0.76 1.13 1.51 1.89 000 038 076 113 151 180
o/n o/n
E
_ ,B ~ ‘ 0 ‘ o (Q) exact Il.oo-g o (Q)a2 Il.oo-g
N 2.90 - 0.75-¢g 2.90 L 0.75-¢g
2.20 2.20
S - 0.50-g S - 0.50-g
1.50 1.50
- Total charge no longer a symmetry of H ,,(1) - IO'25'9 - Io,zs.g
0.10 0.10 ] |
0.00 0.38 0.76 1.13 1.51 1.89 0009 0.00 0.38 0.76 1.13 1.51 1.89 o
" . . . o/n
- Ground state of H ,,(0) mixes states within different charge sectors o

E’HZUF/Ch 14/20



Comparison of State Preparation Algorithms (l)

Fixed-Q ASP Algorithm:

Iog(l(EO,Al - EO,ex)/EO,exl)

3.60 -

2.90 A

2.20 A

0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
oe/n

(Q)a1
3.60

2.90
2.20
1.50
0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
o/n

ETHzurich

35.3%
- 5.9%

- 1.0%
[0.5%0
0.3%o00

- 0.75:g

- 0.50-g

[0.25-g
-0.00-g

Exact Diagonalization:

Ey exact
3.60
2.90
2.20
1.50
0.80 A
0.10 -
0.00 0.38 0.76 1.13 1.51 1.89
e/n
(Q) exact

3.60

2.90

2.20

1.50

0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
o/n

- 0.75-g

- 0.50-g

[0.25-g
-0.00-g

Multi-Q ASP Algorithm:

Iog(l(EO,AZ - EO, ex)/EO,exl)

35.3%

3.60 -
2.90 - - 5.9%
2.20 -

- 1.0%
0.80 | [0.5%0
0-10 . . . . . 0.3%o00

0.00 0.38 0.76 1.13 1.51 1.89
e/n
(Q) a2 L 00

3.60 I g
2.90 L 0.75-g
2.20

- 0.50-g
1.50

0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
o/n

[0.25-g
-0.00-g

We acknowledge use of the IBM Q for this work.

The views expressed are those of the authors and
do not reflect the official policy or position of IBM
or the IBM Q team.
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3.60 A

2.90 A

2.20 -

1.50 A

0.80

0.10

3.60

2.90

2.20

1.50

0.80

0.10

Comparison of State Preparation Algorithms (ll)

Iog(l(EO,AZ - EO,ex)/EO,exl)

0.00 0.38 0.76 1.13 1.51 1.89

o/m

0.00 0.38 0.76 1.13 1.51 1.89

o/m

35.3%
- 5.9%

- 1.0%

Io.5%o
0.3%o00

I 1.00-g

- 0.75-g

- 0.50-g

I0.25-g
-0.00-g

|(E0,sim - EO,ex)/EO,exl

|(Qo,sim - QO,ex)l

e =
:E_.::I = < - —— -
:-:'.I::.: = - == =
_— = e 3
Eax  Fr T =
o L= - -
- T P
1073 T 3 7=
T N N
. 3 $3 7 - *
K3
X 3 ¥ 9
100 10t 107
1/A
- o - -
107 2
- &
Q=
1072 4 -
o ==
— 5
1073 4 R =
104
107> 4 —— , — : S——
100 10t 107
1/A

Relative error of the ground state energy (top) and the

charge(bottom) as a function of the spectral gap A = E, — £,
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(Q) 4, in the presence of static charges

(Qa2; Ny =8,n_=8

3.60 -

2.90 A

2.20 A

1.50

0.80 -

0.10 -

000 038 0.76 1.13 1.51 1.89
e/m

(Qlaz;ny =7,n_=10

3.60 A

2.90 -

2.20 A

1.50 A

0.80 A1

0.10 -

0.00 038 0.76 1.13 1.51 1.89
e/m

(Q)az;ny =5,n_=1

3.60
2.90
2.20
g
1.50
0.80
0.10

0.00 038 0.76 1.13 1.
e/n

5
(Q)az; ny =3,n_=14

J I

3.60
2.90
2.20
g
1.50
0.80

0.10

2

1 1.89
0.00 038 0.76 1.13 1.51 1.89
o/n

(Q) exact

3.60 -

2.90 1

2.20 1

1.50 -

0.80 -

0.10 1

0.00 0.38 0.76 1.13 1.51 1.89
e/

(Q) exact

3.60 A

2.90 1

2.20 1

1.50 A1

0.80 A1

0.10 1

0.00 0.38 0.76 1.13 1.51 1.89
e/n

(Q) exact

3.60
2.90
2.20
1.50
0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
e/n

(Q) exact

3.60

2.90

2.20

1.50

0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
o/n

1.00-g

0.50-g

-0.00-g

-0.50'g

-1.00-g

1.00-g

0.50-g

-0.00-g

-0.50:g

-1.00-g

1.00-9

0.50'g

-0.00-g

-0.50:g

-1.00:g

1.00-g

0.50-g

-0.00-g

-0.50-g

-1.00:g

(Qlaz;ny =8,n_=9

3.60 A

2.90 A1

2.20 A1

1.50 A

0.80 A

0.10 A1

0.00 0.38 076 1.13
oe/m

(Qa2;ny =6,n_=11

1.51

1.89

3.60 A

2.90 A1

2.20 A1

1.50 4

0.80 A

0.10 A

i

0.00 038 076 1.13
e/n

(Q)az;ny =4,n_=13

1.51

3.60

2.90

2.20

1.50

0.80

0.10

0.00 038 076 1.13
e/n

(Qaziny =2,n_=15

3.60

2.90

2.20

1.50

0.80

0.10

0.00 0.38 0.76 1.13
o/n

1.51

1.89

(Q) exact
3.60 -
2.90 -
2.20 1
1.50 -
0.80 A
0.10 A
0.00 0.38 0.76 1.13 1.51 1.89
oe/n
(Q) exact
3.60
2.90
2.20 1
1.50 -
0.80 A
0.10 A
0.00 0.38 0.76 1.13 1.51 1.89
e/n
(Q) exact
3.60
2.90
2.20
1.50
0.80
0.10
0.00 0.38 0.76 1.13 1.51 1.89
e/n
(Q) exact
3.60

2.90

2.20

1.50

0.80

0.10

0.00 0.38 0.76 1.13 1.51 1.89
6/n

1.00-g

-0.50.g

L-0.00-g

-0.50:g

-1.00-g

1.00-g

-0.50:g

L -0.00-g

-0.50'g

-1.00-g

1.00:g

-0.50:g

L-0.00-g

-0.50'g

-1.00:g

1.00:g

-0.50-g

L-0.00-g

-0.50-g

-1.00:g
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String Breaking ()
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*  Multi-charge ASP enables studies of confinement of charge in QED2

- Notation from [Buyens et. al. Physical Review X 6, 041040 (2016)] V(d) = Ey(d) — Ey(0)

- (Q_ = — operator sensitive to the string breaking
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*  Multi-charge ASP enables studies of confinement of charge in QED2

- V(d) = Ey(d) — Ey(0) « static charge-anticharge potential: not a good indicator of string breaking for & # 0
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Summary & Outlook
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- Real time dynamics of (lattice) gauge theories intractable from first principles

* Adiabatic state preparation inefficient for nonzero charge, inapplicable for string breaking

- New procedure, Multi-Q ASP, allows for full exploration of the (&, m) phase diagram |this work]
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