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… understanding the phase diagram and real time dynamics

Quantum Chromodynamics

Neutron Stars

Confinement of quarks

[Credit: Peter Senger (p.senger@gsi.de)]
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Motivation: Strong Interaction in Standard Model of Particle Physics

http://theory.gsi.de/~friman/trento_06.html


Quarks

a {
Gluon++

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Euclidean 
space-time
✏ �! �i a

<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

= Lattice QCD 

Path Integrals
Monte Carlo (MC) 

Simulations

Quantum Chromodynamics (QCD)
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FLAG Review 2021

[Aoki et al. Eur.Phys.J.C 82 (2022) 10, 869]
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<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Euclidean 
space-time
✏ �! �i a

<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>

Complex

Weight W

⟨O[A, ψ, ψ̄]⟩ = 1
Z ∫ D[A] det D[A]e−SG[A]

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

Sign Problem

= Lattice QCD 

Path Integrals
Monte Carlo (MC) 

Simulations

Quantum Chromodynamics (QCD)

➡ Real time dynamics

➡ Topological -term

➡ Finite chemical potential 

θ

Inaccessible with conventional 
MC approach: 
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Quarks

a {
Gluon++

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Euclidean 
space-time
✏ �! �i a

<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>

Complex

Weight W

⟨O[A, ψ, ψ̄]⟩ = 1
Z ∫ D[A] det D[A]e−SG[A]

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

Sign Problem

= Lattice QCD 

Path Integrals
Monte Carlo (MC) 

Simulations

Quantum Chromodynamics (QCD)

➡ Real time dynamics

➡ Topological -term

➡ Finite chemical potential 

θ

Inaccessible with conventional 
MC approach: 

Toy model for QCD in 3+1D:  QED in 1+1D

Schwinger model

Chiral symmetry, confinement, string breaking … 

[Schwinger, Physical Review 125, 397 (1962)]

Quantum Simulations
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• Schwinger Model (QED2) Lagrangian with topological  angle

• Lattice Schwinger Model Hamiltonian:

      Gauss’ law

θ

ℒQED2 = − 1
4 FμνFμν + gθ

4π
εμνFμν + iψ̄γμ (∂μ + igAμ) ψ − mψ̄ ψ

HQED2 = −i
N−1

∑
n=1

(w − (−1)n m
2 sin θ) (χ†

n χn+1 − χ†
n+1χn) + m cos θ

N

∑
n=1

(−1)n χ†
n χn + J

N−1

∑
n=0

L2
n ,

Ln =
n

∑
k=1 (χ†

k χk − 1 − (−1)k

2 )

[Schwinger, Physical Review 125, 397 (1962)]

Quantum Electrodynamics in 1+1D 
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• Schwinger Model (QED2) Lagrangian with topological  angle

• Lattice Schwinger Model Hamiltonian:

      Gauss’ law

• Technicalities — starting from  to get : 

θ

ℒQED2 = − 1
4 FμνFμν + gθ

4π
εμνFμν + iψ̄γμ (∂μ + igAμ) ψ − mψ̄ ψ

HQED2 = −i
N−1

∑
n=1

(w − (−1)n m
2 sin θ) (χ†

n χn+1 − χ†
n+1χn) + m cos θ

N

∑
n=1

(−1)n χ†
n χn + J

N−1

∑
n=0

L2
n ,

Ln =
n

∑
k=1 (χ†

k χk − 1 − (−1)k

2 )
ℒQED2 HQED2

Staggered Fermions  

[Schwinger, Physical Review 125, 397 (1962)]

[Kogut, Susskind, Phys. Rev. D 11, 395 (1975)]

Quantum Electrodynamics in 1+1D 

➡ Chiral  rotation: ;   timelike axial gauge:  

➡ Staggered fermion discretization 

U(1)A ψ → ei θ γ5
2 ψ A0 ≡ 0
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[Schwinger, Physical Review 125, 397 (1962)]

Quantum Electrodynamics in 1+1D 
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• Schwinger Model (QED2) Lagrangian with topological  angle

• Lattice Schwinger Model Hamiltonian:

      Gauss’ law

• Digital Quantum Simulations of QED2: non-exhaustive list

θ

ℒQED2 = − 1
4 FμνFμν + gθ

4π
εμνFμν + iψ̄γμ (∂μ + igAμ) ψ − mψ̄ ψ

HQED2 = −i
N−1

∑
n=1

(w − (−1)n m
2 sin θ) (χ†

n χn+1 − χ†
n+1χn) + m cos θ

N

∑
n=1

(−1)n χ†
n χn + J

N−1

∑
n=0

L2
n ,

Ln =
n

∑
k=1 (χ†

k χk − 1 − (−1)k

2 )
[Martinez et al. Nature 534, 516–519 (2016)]
[Klco et al. Phys. Rev. A 98, 032331 (2018)]
[Kokail et al. Nature 569, 355–360 (2019)]
[Jong et al. Phys. Rev. D 106, 054508 (2022)]
[Nguyen et al. Quantum 3, 020324 (2022)]
[Chakraborty et al. Phys. Rev. D 105, (2022) 94503]
[Farell et al., PRX Quantum 5, 020315(2024)]
[Ghim et al., 2404.14788]
[Guo et al, 2407.15629] . . .



• Schwinger Model (QED2) Lagrangian with topological  angle

• Lattice Schwinger Model Hamiltonian:
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∑
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[Schwinger, Physical Review 125, 397 (1962)]

Quantum Electrodynamics in 1+1D 

[Funcke et al. Phys. Rev. D 101, (2020) 054507]  . . .
[Butt et al. Physical Review D 101, (2020) 094509]

[Buyens et al. Physical Review D 94, (2016) 085018]
[Buyens et. al. Physical Review X 6, 041040 (2016)] 

[Banlus et al. Physical Review D 93, (2016) 094512]

8 / 20



• Jordan-Wigner transformation (space discrete, time continuous):

HQED2 = HZZ + H± + HZ

Quantum-Simulation-Ready    Hamiltonian QED2

HZZ = J
2

N−1

∑
n=2

∑
1≤k<ℓ≤n

ZkZℓ

H± = 1
2

N−1

∑
n=1

(w − (−1)n m
2 sin θ) (XnXn+1 + YnYn+1)

HZ = m cos θ
2

N

∑
n=1

(−1)nZn + J
N−1

∑
n=1

v(n; n+, n−)
n

∑
ℓ=1

Zℓ

➡

➡   only term 
affected by static charges

w = 1
2a

, J = g2a
2

v(n; n+, n−)

[Chakraborty et al. Physical Review D 105, (2022) 94503]
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• Jordan-Wigner transformation (space discrete, time continuous):

• Suzuki-Trotter decomposition 

• Quantum simulations require efficient quantum state preparation algorithms
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affected by static charges

w = 1
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, J = g2a
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[Jordan, Lee, Preskill, Science 336 (2012) 1130-1133]
[Jordan, Lee, Preskill, Quant.Inf.Comput. 14 (2014) 1014-1080]
[Preskill, Quantum 2 (2018) 79]

[Trotter, Proc. Am. Math. Soc. 10 (1959), 
Suzuki Commun. Math. Phys. 51 (1976)]
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• Jordan-Wigner transformation (space discrete, time continuous):

• Suzuki-Trotter decomposition 

• Quantum simulations require efficient quantum state preparation algorithms
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∑
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∑
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ℓ=1
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➡

➡   only term 
affected by static charges

w = 1
2a

, J = g2a
2

v(n; n+, n−)

Alternatives to ASP: Rodeo Algorithm

[Choi et al. PRL 127(4 (2021) 040505] 

[Trotter, Proc. Am. Math. Soc. 10 (1959), 
Suzuki Commun. Math. Phys. 51 (1976)]

[Jordan, Lee, Preskill, Science 336 (2012) 1130-1133]
[Jordan, Lee, Preskill, Quant.Inf.Comput. 14 (2014) 1014-1080]
[Preskill, Quantum 2 (2018) 79]
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[Chakraborty et al. Physical Review D 105, (2022) 94503]



• Ground state preparation for 

1. Initial state : ground state of 

2. “Evolve” :    

3. Ground state at time  approximated by

       

➡  ,  ,    finite,  discretized 

➡ Applied to 

HQED2

|ψ0⟩ HA(0) ≡ H0

HA(t) HA(T ) ≡ HQED2

T

|ψT⟩ = 𝒯{e−i ∫T
0 dt HA(t)} |ψ0⟩ ≈ U(T )U(T − δt)⋯U(2δt)U(δt)

M steps

|ψ0⟩

U(τ) = e−iHA(τ)δt δt = T
M

T ∫

QED2

Adiabatic State Preparation (I)

[Chakraborty et al. Physical Review D 105, (2022) 094503]

[Ghim, Honda, arXiv:2404.14788]
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M steps

|ψ0⟩

U(τ) = e−iHA(τ)δt δt = T
M

T ∫

QED2

Adiabatic State Preparation (I)

[Chakraborty et al. Physical Review D 105, (2022) 094503]

|ψ0⟩ |ψ⟩

Adiabatic Theorem:

 gapped, unique ground state  HA(t) ⟹
|ψT⟩ = lim

T→∞
𝒯{e−i ∫T

0 dt HA(t)} |ψ0⟩

[Ghim, Honda, arXiv:2404.14788]
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• Charge conservation:

         

• Schwinger Model is toy model of QCD, exhibits confinement and string breaking

• Full  phase diagram inaccessible to conventional MC simulations 

• Schwinger model is known to have a phase transition for   and 

•  has a ground state in nonzero charge sector for  and certain values of 

• String breaking not accessible with state preparation algorithms that keep  fixed

Q = g
2 ∑

n
Zn [Q, HQED2] = 0

(θ, m)

θ = π m/g > mc/g ≈ 0.33

QED2 θ ∈ [0.8π,1.5π] m

Q

➡ : charge operator on the lattice 

➡ states belong to different charge sectors

Q

[Thompson, Siopsis, Quantum Science&Technology (2021)7]

[Coleman, Jackiw, Susskind, Annals of Physics 93 (1975) 267]

[Coleman, Annals of Physics 101 (1976) 239]

Symmetries of the QED2 Hamiltonian
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} Multi-Q Adiabatic State 

Preparation is desirable   



• Fixed-Q ASP Algorithm (A1): single charge sector of 

 

• Charge remains constant:

➡   , 

• Challenging to determine the ground state for all 

HQED2

HA1(t) = HQED2
m=m(t),w=w(t),θ=θ(t)

m(t) = m0 (1 − t
T ) + m

t
T

; w(t) = w
t
T

; θ(t) = θ
t
T

[Q, HA1(t)] = 0 ∀t

(θ, m)

Adiabatic State Preparation (II)

Exact Diagonalization:Fixed-Q ASP Algorithm:
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• Multi-Q algorithm: arbitrary charge sector of 

         for     

• Several choices for  probed, best thus far: 

➡

➡ Total charge no longer a symmetry of 

➡ Ground state of  mixes states within different charge sectors

HQED2

HA2(t) = (1 − t
T ) β

N

∑
n=1

f(n)Xn + t
T

HQED2 f(n) ∈ {−1,1}

f(n) f(n) = (−1)n

β ≈ |E0 |
N

HA2(t)

HA2(0)

Adiabatic State Preparation (III)

Exact Diagonalization: Multi-Q ASP Algorithm:
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Fixed-Q ASP Algorithm: Exact Diagonalization: Multi-Q ASP Algorithm:

Comparison of State Preparation Algorithms (I)

We acknowledge use of the IBM Q for this work. 
The views expressed are those of the authors and 
do not reflect the official policy or position of IBM 
or the IBM Q team.
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Relative error of the ground state energy (top) and the 
charge(bottom) as a function of the spectral gap Δ = E1 − E0

Comparison of State Preparation Algorithms (II)



  in the presence of static charges⟨Q⟩A2
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String Breaking (I)

• Multi-charge ASP enables studies of confinement of charge in QED2

• Notation from [Buyens et. al. Physical Review X 6, 041040 (2016)]  

•  — operator sensitive to the string breaking

V(d) = E0(d) − E0(0)

Q− =
18 / 20

d ⋅ a d ⋅ a d ⋅ a

d ⋅ a d ⋅ a d ⋅ a

V(
d)

Q −

d ⋅ a d ⋅ a d ⋅ a



• Multi-charge ASP enables studies of confinement of charge in QED2

•   static charge-anticharge potential: not a good indicator of string breaking for  

•     operator sensitive to the string breaking

V(d) = E0(d) − E0(0) ← θ ≠ 0

Q− = g
2

N/2

∑
n=1

Zn ←

String Breaking (II)
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V(
d)

Q −

d ⋅ a d ⋅ a d ⋅ a

d ⋅ a d ⋅ a d ⋅ a



• Real time dynamics of (lattice) gauge theories intractable from first principles 

• Schwinger model  toy model for strongly interacting quantum chromodynamics

• Digital quantum simulations of : 

• Adiabatic state preparation inefficient for nonzero charge, inapplicable for string breaking 

• New procedure, Multi-Q ASP, allows for full exploration of the  phase diagram   [this work]

QED2

QED2

(θ, m)

Summary & Outlook
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• New procedure, Multi-Q ASP, allows for full exploration of the  phase diagram   [this work]

• In progress:

➡ Theoretical understanding of the algorithm; applications to topological cond. matter;

➡ Multi-Q ASP applied to study the confinement & string breaking in QED2
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