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Probing long-range topological entanglement

Certification in quantum simulation
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Schmiedmayer, Zoller. 
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Probing long-range topological entanglement

High-energy physics

Kitaev, Preskill. PRL 96 (2006) 
Levin, Wen. PRL 96 (2006) 

Quantum information

Condensed matter physics

Long-range topological entanglement

Pretko, Senthil. PRB 94 (2016) 
Radičević. JHEP 2016.4 (2016)Freedman et al. Bull.AMS 40 (2003)

Fowler et al. PRA 86 (2012)

Experiments: 
• Neutral atoms: Semeghini et al. Science 374 (2021), Bluvstein et al. Nature 626 (2024) 
• Trapped ions: Iqbal et al. Nature 626 (2024) & arXiv:2302.01917 (2023) 
• Superconducting qubits: Satzinger et al. Science 374 (2021), S. Xu et al. arXiv:2404.00091 (2024)

Semeghini et al. Science 374 (2021)



Long-range topological entanglement Kitaev, Preskill. PRL 96 (2006) 
Levin, Wen. PRL 96 (2006) 

Probing long-range topological entanglement
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Probing long-range topological entanglement

Topological order and lattice gauge theories

HZ2
= Hm + HE + HB

Fradkin. Field Theory of Condensed Matter Physics (2006)

G |ψ⟩ = 0
Z2 LGT

G = ∏
i

Zi − Qi

Phase diagram

Toric code

H = − ϵe ∑v Av − ϵm ∑p Bp + h∑l Zl + g∑l Xl

h

g
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Example: ``Toric code” fixed-point state:       topological order
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<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

Operators are mutually commuting! [Av, Bp] = 0 ∀v, p (using that                        )XZ = − ZX

Model is exactly solvable by projecting on +1 eigenspace of all stabilisers

|ψ⟩ = ∏
p

(1 + Bp

2 ) | ↑ ⟩⊗NPp,+1 = (1 + Bp

2 )



Example: ``Toric code” fixed-point state:       topological order
<latexit sha1_base64="TvyJR49vxTx7Y+e+eWe4a1zifXM=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykzxtSy6cVnBPrAzlEyaaUMzmSHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3KCRHBtHOcbrayurW9slrbK2zu7e/uVg8O2jlNFWYvGIlbdgGgmuGQtw41g3UQxEgWCdYLxbe53npjSPJYPZpIwPyJDyUNOibGS50XEjIIge5z26/1K1ak5M+Bl4hakCgWa/cqXN4hpGjFpqCBa91wnMX5GlOFUsGnZSzVLCB2TIetZKknEtJ/NMk/xqVUGOIyVfdLgmfp7IyOR1pMosJN5Rr3o5eJ/Xi814bWfcZmkhkk6PxSmApsY5wXgAVeMGjGxhFDFbVZMR0QRamxNZVuCu/jlZdKu19zL2sX9ebVxU9RRgmM4gTNw4QoacAdNaAGFBJ7hFd5Qil7QO/qYj66gYucI/gB9/gD7H5Gp</latexit>Z2

Probing long-range topological entanglement

Ground state: equal-weight superposition of all loop/string configurations

Model is exactly solvable by projecting on +1 eigenspace of all stabilisers

|ψ⟩ = ∏
p

(1 + Bp

2 ) | ↑ ⟩⊗NPp,+1 = (1 + Bp

2 )

| ↓ ⟩ =| ↑ ⟩ =



Probing long-range topological entanglement

Example: ``Toric code” fixed-point state:       topological order
<latexit sha1_base64="TvyJR49vxTx7Y+e+eWe4a1zifXM=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykzxtSy6cVnBPrAzlEyaaUMzmSHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3KCRHBtHOcbrayurW9slrbK2zu7e/uVg8O2jlNFWYvGIlbdgGgmuGQtw41g3UQxEgWCdYLxbe53npjSPJYPZpIwPyJDyUNOibGS50XEjIIge5z26/1K1ak5M+Bl4hakCgWa/cqXN4hpGjFpqCBa91wnMX5GlOFUsGnZSzVLCB2TIetZKknEtJ/NMk/xqVUGOIyVfdLgmfp7IyOR1pMosJN5Rr3o5eJ/Xi814bWfcZmkhkk6PxSmApsY5wXgAVeMGjGxhFDFbVZMR0QRamxNZVuCu/jlZdKu19zL2sX9ebVxU9RRgmM4gTNw4QoacAdNaAGFBJ7hFd5Qil7QO/qYj66gYucI/gB9/gD7H5Gp</latexit>Z2

Entropy: Number of different boundary configurations: 2LA−1

SA = log(2)LA − log(2) → Stopo = log(2)Entanglement entropy:

<latexit sha1_base64="vBJypGMKaNkSwzTUyxHMQyl3KTo="></latexit>

SA = ↵LA � Stopo +O(1/LA)
ρA ∼

Bulk fixed by stabilizers

Boundary states  
(loops entering/exiting)

∂A

∏
s∈A

AS = ∏
i∈∂A

Zi = 1
Boundary constraint:

× =



<latexit sha1_base64="Q+b28mJ2+HpIegPemuHcvp3hVQE=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwFRK1j2XVjcsW7APaUCbTm3Z0MgkzE6GEfoEbF4q49ZPc+TdO2yBaPXDhcM693HuPH3OmtON8WrmV1bX1jfxmYWt7Z3evuH/QVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv799czvPIBULBK3ehKDF5KRYAGjRBupeTkolhzbmQM79nmtUq6W8bfiZqSEMjQGxY/+MKJJCEJTTpTquU6svZRIzSiHaaGfKIgJvScj6BkqSAjKS+eHTvGJUYY4iKQpofFc/TmRklCpSeibzpDosVr2ZuJ/Xi/RQc1LmYgTDYIuFgUJxzrCs6/xkEmgmk8MIVQycyumYyIJ1SabggnBXX75L2mf2W7FLjcvSvWrLI48OkLH6BS5qIrq6AY1UAtRBOgRPaMX6856sl6tt0VrzspmDtEvWO9fx0+M8Q==</latexit>

A

<latexit sha1_base64="gSO3iWa359wpt7IJD4V0fCxYH3Y=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ1KdtstSNy5bsA9oh5JJM21sJjMkGaEM/QI3LhRx6ye5829MH4KKHrhwOOde7r0nSATXBqEPZ219Y3NrO7eT393bPzgsHB23dZwqylo0FrHqBkQzwSVrGW4E6yaKkSgQrBNMrud+554pzWN5a6YJ8yMykjzklBgrNeuDQhG5GHseKkPkoiou4Yoll1XPMohdtEARrNAYFN77w5imEZOGCqJ1D6PE+BlRhlPBZvl+qllC6ISMWM9SSSKm/Wxx6AyeW2UIw1jZkgYu1O8TGYm0nkaB7YyIGevf3lz8y+ulJqz6GZdJapiky0VhKqCJ4fxrOOSKUSOmlhCquL0V0jFRhBqbTd6G8PUp/J+0Sy4uu17zqlirr+LIgVNwBi4ABhVQAzegAVqAAgYewBN4du6cR+fFeV22rjmrmRPwA87bJ+oLjQk=</latexit>

B
<latexit sha1_base64="6skWzGNpWL1gBZA5eHZ2MeOfQDg=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK1r9kVu3HZgn1AO5RMmraxmcyQZIQy9AvcuFDErZ/kzr8x01ZQ0QMXDufcy733+BFnSiP0YWU2Nre2d7K7ub39g8Oj/PFJR4WxJLRNQh7Kno8V5UzQtmaa014kKQ58Trv+rJH63XsqFQvFrZ5H1AvwRLAxI1gbqdUY5gvILiHHvSpBZKMqqrnFlLhuuVKFjo2WKIA1msP8+2AUkjigQhOOleo7KNJegqVmhNNFbhArGmEywxPaN1TggCovWR66gBdGGcFxKE0JDZfq94kEB0rNA990BlhP1W8vFf/y+rEe17yEiSjWVJDVonHMoQ5h+jUcMUmJ5nNDMJHM3ArJFEtMtMkmZ0L4+hT+TzpF26nY5VapUL9ex5EFZ+AcXAIHVEEd3IAmaAMCKHgAT+DZurMerRfrddWasdYzp+AHrLdPEK2NJA==</latexit>

C

<latexit sha1_base64="jSjIYj/DZOIEiI/cg9PHdVjr/CI=">AAACJHicbVDLSgMxFM3UV62vqks3wSII0jIjvkCEPjYuK7W10A5DJk3b0MxkSDJCGeZj3Pgrblz4wIUbv8XMtIK2Hrjck3Pv5eYeN2BUKtP8NDILi0vLK9nV3Nr6xuZWfnunJXkoMGlizrhou0gSRn3SVFQx0g4EQZ7LyJ07qiX1u3siJOX+rRoHxPbQwKd9ipHSkpO/LDacrofUUHiR4gGP4RVsOFGlWouLaU7Tz6sWHzWcio6qjpqTL5glMwWcJ9aUFMAUdSf/1u1xHHrEV5ghKTuWGSg7QkJRzEic64aSBAiP0IB0NPWRR6QdpUfG8EArPdjnQoevYKr+noiQJ+XYc3Vnco+crSXif7VOqPoXdkT9IFTEx5NF/ZBBxWHiGOxRQbBiY00QFlT/FeIhEggr7WtOm2DNnjxPWscl66x0enNSKFendmTBHtgHh8AC56AMrkEdNAEGD+AJvIBX49F4Nt6Nj0lrxpjO7II/ML6+AYtVotw=</latexit>

�Stopo = SABC � SAB � SBC � SAC + SA + SB + SC

Long-range topological entanglement Kitaev, Preskill. PRL 96 (2006) 
Levin, Wen. PRL 96 (2006) 

Probing long-range topological entanglement

Kitaev-Preskill construction:



Scale-dependence of topological entanglement:

<latexit sha1_base64="Q+b28mJ2+HpIegPemuHcvp3hVQE=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwFRK1j2XVjcsW7APaUCbTm3Z0MgkzE6GEfoEbF4q49ZPc+TdO2yBaPXDhcM693HuPH3OmtON8WrmV1bX1jfxmYWt7Z3evuH/QVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv799czvPIBULBK3ehKDF5KRYAGjRBupeTkolhzbmQM79nmtUq6W8bfiZqSEMjQGxY/+MKJJCEJTTpTquU6svZRIzSiHaaGfKIgJvScj6BkqSAjKS+eHTvGJUYY4iKQpofFc/TmRklCpSeibzpDosVr2ZuJ/Xi/RQc1LmYgTDYIuFgUJxzrCs6/xkEmgmk8MIVQycyumYyIJ1SabggnBXX75L2mf2W7FLjcvSvWrLI48OkLH6BS5qIrq6AY1UAtRBOgRPaMX6856sl6tt0VrzspmDtEvWO9fx0+M8Q==</latexit>

A

<latexit sha1_base64="gSO3iWa359wpt7IJD4V0fCxYH3Y=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ1KdtstSNy5bsA9oh5JJM21sJjMkGaEM/QI3LhRx6ye5829MH4KKHrhwOOde7r0nSATXBqEPZ219Y3NrO7eT393bPzgsHB23dZwqylo0FrHqBkQzwSVrGW4E6yaKkSgQrBNMrud+554pzWN5a6YJ8yMykjzklBgrNeuDQhG5GHseKkPkoiou4Yoll1XPMohdtEARrNAYFN77w5imEZOGCqJ1D6PE+BlRhlPBZvl+qllC6ISMWM9SSSKm/Wxx6AyeW2UIw1jZkgYu1O8TGYm0nkaB7YyIGevf3lz8y+ulJqz6GZdJapiky0VhKqCJ4fxrOOSKUSOmlhCquL0V0jFRhBqbTd6G8PUp/J+0Sy4uu17zqlirr+LIgVNwBi4ABhVQAzegAVqAAgYewBN4du6cR+fFeV22rjmrmRPwA87bJ+oLjQk=</latexit>

B
<latexit sha1_base64="6skWzGNpWL1gBZA5eHZ2MeOfQDg=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK1r9kVu3HZgn1AO5RMmraxmcyQZIQy9AvcuFDErZ/kzr8x01ZQ0QMXDufcy733+BFnSiP0YWU2Nre2d7K7ub39g8Oj/PFJR4WxJLRNQh7Kno8V5UzQtmaa014kKQ58Trv+rJH63XsqFQvFrZ5H1AvwRLAxI1gbqdUY5gvILiHHvSpBZKMqqrnFlLhuuVKFjo2WKIA1msP8+2AUkjigQhOOleo7KNJegqVmhNNFbhArGmEywxPaN1TggCovWR66gBdGGcFxKE0JDZfq94kEB0rNA990BlhP1W8vFf/y+rEe17yEiSjWVJDVonHMoQ5h+jUcMUmJ5nNDMJHM3ArJFEtMtMkmZ0L4+hT+TzpF26nY5VapUL9ex5EFZ+AcXAIHVEEd3IAmaAMCKHgAT+DZurMerRfrddWasdYzp+AHrLdPEK2NJA==</latexit>

C

Short-range correlations 

Thermal excitation scale 

Finite-time preparation scale

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠

<latexit sha1_base64="AiWxi35RqeC89w2waoC1xJurwhQ=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVZdFNy4r9CXtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o1pOwttPRA4nHMuufcECWfauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeK0BaJeay6AdaUM0lbhhlOu4miWAScdoLx3czvPFGlWSybZpJQX+ChZBEj2Fjpsc9tNMSD5qBccavuHGiVeDmpQI7GoPzVD2OSCioN4Vjrnucmxs+wMoxwOi31U00TTMZ4SHuWSiyo9rP5wlN0ZpUQRbGyTxo0V39PZFhoPRGBTQpsRnrZm4n/eb3URDd+xmSSGirJ4qMo5cjEaHY9CpmixPCJJZgoZndFZIQVJsZ2VLIleMsnr5L2RdW7qtYeLiv127yOIpzAKZyDB9dQh3toQAsICHiGV3hzlPPivDsfi2jByWeO4Q+czx+fG5BO</latexit>

�T

<latexit sha1_base64="eUSZv3GgUSC5Cd746slF1vrKLj4=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4Kon4WhbduKxgbaEJ5WYyaYdOJmHmjlBKf8ONC0Xc+jPu/BunbRbaemDgcM653DsnygXX6HnfTmlldW19o7xZ2dre2d2r7h886swoylo0E5nqRKCZ4JK1kKNgnVwxSCPB2tHwduq3n5jSPJMPOMpZmEJf8oRTQCsFgbDRGHoBgulVa17dm8FdJn5BaqRAs1f9CuKMmpRJpAK07vpejuEYFHIq2KQSGM1yoEPos66lElKmw/Hs5ol7YpXYTTJln0R3pv6eGEOq9SiNbDIFHOhFbyr+53UNJtfhmMvcIJN0vigxwsXMnRbgxlwximJkCVDF7a0uHYACiramii3BX/zyMnk8q/uX9Yv781rjpqijTI7IMTklPrkiDXJHmqRFKMnJM3klb45xXpx352MeLTnFzCH5A+fzBxojkb4=</latexit>

�⌧

<latexit sha1_base64="fZjba44RRyagL6YcIX8u+8rAMP0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkoivpZFNy4r2Ac0oUwmk3bozCTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAmjSjvOt1VZWV1b36hu1ra2d3b37P2DropTiUkHxyyW/QApwqggHU01I/1EEsQDRnrB5Lbwe49EKhqLB50lxOdoJGhEMdJGGtp1jyM9ljxnRIz0eOqdwnBoN5ymMwNcJm5JGqBEe2h/eWGMU06ExgwpNXCdRPs5kppiRqY1L1UkQXiCRmRgqECcKD+fhZ/CY6OEMIqleULDmfp7I0dcqYwHZrKIqha9QvzPG6Q6uvZzKpJUE4Hnh6KUQR3DogkYUkmwZpkhCEtqskI8RhJhbfqqmRLcxS8vk+5Z071sXtyfN1o3ZR1VcAiOwAlwwRVogTvQBh2AQQaewSt4s56sF+vd+piPVqxypw7+wPr8Acq4lN4=</latexit>

length d
<latexit sha1_base64="5yotSVPNczCsBE7buOKUOplJldI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIr2XRjcsK9gFNKJPpTTt0JgkzE6GEght/xY0LRdz6E+78GydtFtp6YOBwzj3MvSdIOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJUUGjTmsWwHRAFnETQ00xzaiQQiAg6tYHiT+60HkIrF0b0eJeAL0o9YyCjRRura+54geiBF5lW8EyyAqFSCgEircdeuOFVnAjxP3IJUUIF61/7yejFN8zTlRKmO6yTaz4jUjHIYl71UQULokPShY2hEBCg/m9wwxkdG6eEwluZFGk/U34mMCKVGIjCT+cZq1svF/7xOqsMrP2NRkmqI6PSjMOVYxzgvBPeYBKr5yBBCJTO7YjogklBtaiubEtzZk+dJ87TqXlTP784qteuijhI6QIfoGLnoEtXQLaqjBqLoET2jV/RmPVkv1rv1MR1dsIrMHvoD6/MHGO2X1g==</latexit> #
m
ea
su
re
m
en
ts

Tomography 

Copies & SWAP 

Randomized measurements
Elben et al. Nature Reviews Physics 5 (2023) 
Huang et al. Nature Physics 16 (2020) 
KJ Satzinger et al. Science 374 (2021)

Daley et al. PRL 109 (2012) 
Islam  et al. Nature 528 (2015) 
Lukin et al. Science 364 (2019)

Techniques of measuring entanglement measures:

Exponentially hardCramer et al. Nature comm. 1.1 (2010)

Probing long-range topological entanglement

Challenge: Can we efficiently measure length scale over which system 
looks topologically ordered?

∼ eSA = elog(2)(LA−1)



Protocol to measure topological entanglement at large scales (for gapped TO phases)

Probing topological 
entanglement at 
scale  

<latexit sha1_base64="pbrTBi+I5TdMb2KRSYVNYXSeyj4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnZ3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8m/qtJ1SaJ/LBjFL0Y9qXPOKMGivVw16p7FbcGcgy8XJShhy1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZoRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTjj7lMM4OSzRdFmSAmIdOvScgVMiNGllCmuL2VsAFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHyymM8g==</latexit>

d

Adiabatically deform system 
(trivializing two regions)

Measure mutual infor-
mation of ``openings” 
of size  

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠

Probing long-range topological entanglement

<latexit sha1_base64="53GCvL6oc893+1jTA1+XggwBUbs=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpNyUpvhCEYl3oroJ9QBPCZDpph04ezEyEEvoHbvwVNy4UcevWnX/jpM2ith4YOHPOvdx7jxsxKqRh/Gi5peWV1bX8emFjc2t7R9/da4kw5pg0cchC3nGRIIwGpCmpZKQTcYJ8l5G2O6ynfvuRcEHD4EGOImL7qB9Qj2IkleTox3cly0dywP2kPnbMy5lPtQyvoMXCfumm7OhFo2JMABeJmZEiyNBw9G+rF+LYJ4HEDAnRNY1I2gnikmJGxgUrFiRCeIj6pKtogHwi7GRyzxgeKaUHvZCrF0g4UWc7EuQLMfJdVZmuK+a9VPzP68bSu7ATGkSxJAGeDvJiBmUI03Bgj3KCJRspgjCnaleIB4gjLFWEBRWCOX/yImlVK+ZZ5fT+pFi7zuLIgwNwCErABOegBm5BAzQBBk/gBbyBd+1Ze9U+tM9paU7LevbBH2hfv5GGmxY=</latexit>

I(C1 : C2) = log(D)➡ Claim:                                             (abelian string-net models)



Measurement budget to extract topological entropy:

Probing long-range topological entanglement

➡ Protocol drives TO-to-trivial phase transition on (finite-size) boundary 
➡ Time scale of protocol determined by nature of transition

<latexit sha1_base64="fZjba44RRyagL6YcIX8u+8rAMP0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkoivpZFNy4r2Ac0oUwmk3bozCTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAmjSjvOt1VZWV1b36hu1ra2d3b37P2DropTiUkHxyyW/QApwqggHU01I/1EEsQDRnrB5Lbwe49EKhqLB50lxOdoJGhEMdJGGtp1jyM9ljxnRIz0eOqdwnBoN5ymMwNcJm5JGqBEe2h/eWGMU06ExgwpNXCdRPs5kppiRqY1L1UkQXiCRmRgqECcKD+fhZ/CY6OEMIqleULDmfp7I0dcqYwHZrKIqha9QvzPG6Q6uvZzKpJUE4Hnh6KUQR3DogkYUkmwZpkhCEtqskI8RhJhbfqqmRLcxS8vk+5Z071sXtyfN1o3ZR1VcAiOwAlwwRVogTvQBh2AQQaewSt4s56sF+vd+piPVqxypw7+wPr8Acq4lN4=</latexit>

length d
<latexit sha1_base64="5yotSVPNczCsBE7buOKUOplJldI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIr2XRjcsK9gFNKJPpTTt0JgkzE6GEght/xY0LRdz6E+78GydtFtp6YOBwzj3MvSdIOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJUUGjTmsWwHRAFnETQ00xzaiQQiAg6tYHiT+60HkIrF0b0eJeAL0o9YyCjRRura+54geiBF5lW8EyyAqFSCgEircdeuOFVnAjxP3IJUUIF61/7yejFN8zTlRKmO6yTaz4jUjHIYl71UQULokPShY2hEBCg/m9wwxkdG6eEwluZFGk/U34mMCKVGIjCT+cZq1svF/7xOqsMrP2NRkmqI6PSjMOVYxzgvBPeYBKr5yBBCJTO7YjogklBtaiubEtzZk+dJ87TqXlTP784qteuijhI6QIfoGLnoEtXQLaqjBqLoET2jV/RmPVkv1rv1MR1dsIrMHvoD6/MHGO2X1g==</latexit> #
m
ea
su
re
m
en
ts

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠

<latexit sha1_base64="pbrTBi+I5TdMb2KRSYVNYXSeyj4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnZ3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8m/qtJ1SaJ/LBjFL0Y9qXPOKMGivVw16p7FbcGcgy8XJShhy1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZoRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTjj7lMM4OSzRdFmSAmIdOvScgVMiNGllCmuL2VsAFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHyymM8g==</latexit>

d

∼ eSABC ∼ eαd

∼ eI(C1:C2) ∼ eαξ

<latexit sha1_base64="Q+b28mJ2+HpIegPemuHcvp3hVQE=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwFRK1j2XVjcsW7APaUCbTm3Z0MgkzE6GEfoEbF4q49ZPc+TdO2yBaPXDhcM693HuPH3OmtON8WrmV1bX1jfxmYWt7Z3evuH/QVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv799czvPIBULBK3ehKDF5KRYAGjRBupeTkolhzbmQM79nmtUq6W8bfiZqSEMjQGxY/+MKJJCEJTTpTquU6svZRIzSiHaaGfKIgJvScj6BkqSAjKS+eHTvGJUYY4iKQpofFc/TmRklCpSeibzpDosVr2ZuJ/Xi/RQc1LmYgTDYIuFgUJxzrCs6/xkEmgmk8MIVQycyumYyIJ1SabggnBXX75L2mf2W7FLjcvSvWrLI48OkLH6BS5qIrq6AY1UAtRBOgRPaMX6856sl6tt0VrzspmDtEvWO9fx0+M8Q==</latexit>

A

<latexit sha1_base64="gSO3iWa359wpt7IJD4V0fCxYH3Y=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ1KdtstSNy5bsA9oh5JJM21sJjMkGaEM/QI3LhRx6ye5829MH4KKHrhwOOde7r0nSATXBqEPZ219Y3NrO7eT393bPzgsHB23dZwqylo0FrHqBkQzwSVrGW4E6yaKkSgQrBNMrud+554pzWN5a6YJ8yMykjzklBgrNeuDQhG5GHseKkPkoiou4Yoll1XPMohdtEARrNAYFN77w5imEZOGCqJ1D6PE+BlRhlPBZvl+qllC6ISMWM9SSSKm/Wxx6AyeW2UIw1jZkgYu1O8TGYm0nkaB7YyIGevf3lz8y+ulJqz6GZdJapiky0VhKqCJ4fxrOOSKUSOmlhCquL0V0jFRhBqbTd6G8PUp/J+0Sy4uu17zqlirr+LIgVNwBi4ABhVQAzegAVqAAgYewBN4du6cR+fFeV22rjmrmRPwA87bJ+oLjQk=</latexit>

B
<latexit sha1_base64="6skWzGNpWL1gBZA5eHZ2MeOfQDg=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK1r9kVu3HZgn1AO5RMmraxmcyQZIQy9AvcuFDErZ/kzr8x01ZQ0QMXDufcy733+BFnSiP0YWU2Nre2d7K7ub39g8Oj/PFJR4WxJLRNQh7Kno8V5UzQtmaa014kKQ58Trv+rJH63XsqFQvFrZ5H1AvwRLAxI1gbqdUY5gvILiHHvSpBZKMqqrnFlLhuuVKFjo2WKIA1msP8+2AUkjigQhOOleo7KNJegqVmhNNFbhArGmEywxPaN1TggCovWR66gBdGGcFxKE0JDZfq94kEB0rNA990BlhP1W8vFf/y+rEe17yEiSjWVJDVonHMoQ5h+jUcMUmJ5nNDMJHM3ArJFEtMtMkmZ0L4+hT+TzpF26nY5VapUL9ex5EFZ+AcXAIHVEEd3IAmaAMCKHgAT+DZurMerRfrddWasdYzp+AHrLdPEK2NJA==</latexit>

C



Example: ``Toric code” fixed-point state:       topological order
<latexit sha1_base64="TvyJR49vxTx7Y+e+eWe4a1zifXM=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykzxtSy6cVnBPrAzlEyaaUMzmSHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3KCRHBtHOcbrayurW9slrbK2zu7e/uVg8O2jlNFWYvGIlbdgGgmuGQtw41g3UQxEgWCdYLxbe53npjSPJYPZpIwPyJDyUNOibGS50XEjIIge5z26/1K1ak5M+Bl4hakCgWa/cqXN4hpGjFpqCBa91wnMX5GlOFUsGnZSzVLCB2TIetZKknEtJ/NMk/xqVUGOIyVfdLgmfp7IyOR1pMosJN5Rr3o5eJ/Xi814bWfcZmkhkk6PxSmApsY5wXgAVeMGjGxhFDFbVZMR0QRamxNZVuCu/jlZdKu19zL2sX9ebVxU9RRgmM4gTNw4QoacAdNaAGFBJ7hFd5Qil7QO/qYj66gYucI/gB9/gD7H5Gp</latexit>Z2

Probing long-range topological entanglement



<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit> g

<latexit sha1_base64="fDp9Q3Hu8/8EJL9Nk2n8BR7BLHU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVh71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH0TmM9g==</latexit>

h

Example: Beyond ``Toric code” fixed-point state

PEPS ansatz:

• PEPS with bond dimension 2

• Interpolates between TO- 
and trivial phase

<latexit sha1_base64="uqrq5LW4gJ/7ep1rrRXYsWeUw2c=">AAACHnicbVDLSgMxFM34rPVVdekmWARBKDNi1WWxG5cV+sJOLZn0tg0mmSHJCGXsl7jxV9y4UERwpX9j2s5CWw8EDuecS+49QcSZNq777SwsLi2vrGbWsusbm1vbuZ3dug5jRaFGQx6qZkA0cCahZpjh0IwUEBFwaAR35bHfuAelWSirZhhBW5C+ZD1GibFSJ1d88CPNfEVknwP2NRMYbpM+bh4P8M1oYnZ8QcxAiaRaHqXBTi7vFtwJ8DzxUpJHKSqd3KffDWksQBrKidYtz41MOyHKMMphlPVjDRGhd6QPLUslEaDbyeS8ET60Shf3QmWfNHii/p5IiNB6KAKbHG+qZ72x+J/Xik3vop0wGcUGJJ1+1Is5NiEed4W7TAE1fGgJoYrZXTEdEEWosY1mbQne7MnzpH5S8M4KxevTfOkyrSOD9tEBOkIeOkcldIUqqIYoekTP6BW9OU/Oi/PufEyjC046s4f+wPn6ARB9oxg=</latexit>

| i ⇠ egX+hZ | TCi

• Local deformations     realise 
the trivial boundary region 

<latexit sha1_base64="H8KDGj1vpy6S7S3jmTjx3U6/O5Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmN2STHEC8eEzAPSJYwO+lNxsw+mJkVwpIv8OJBEa9+kjf/xtkkgooWNBRV3XR3eTFnUlnWh5Hb2Nza3snvFvb2Dw6PiscnXRklgkKHRjwSfY9I4CyEjmKKQz8WQAKPQ8+bXWd+7x6EZFF4q+YxuAGZhMxnlCgttZujYskyq45TdirYMq2qU7OdjNTrtSsH26a1RAmt0RoV34fjiCYBhIpyIuXAtmLlpkQoRjksCsNEQkzojExgoGlIApBuujx0gS+0MsZ+JHSFCi/V7xMpCaScB57uDIiayt9eJv7lDRLl192UhXGiIKSrRX7CsYpw9jUeMwFU8bkmhAqmb8V0SgShSmdT0CF8fYr/J92yaVdNp10pNZrrOPLoDJ2jS2SjGmqgG9RCHUQRoAf0hJ6NO+PReDFeV605Yz1zin7AePsEDjWNIg==</latexit>

B

• Mutual information recovers 
topological (Renyi) entropy

<latexit sha1_base64="uqrq5LW4gJ/7ep1rrRXYsWeUw2c=">AAACHnicbVDLSgMxFM34rPVVdekmWARBKDNi1WWxG5cV+sJOLZn0tg0mmSHJCGXsl7jxV9y4UERwpX9j2s5CWw8EDuecS+49QcSZNq777SwsLi2vrGbWsusbm1vbuZ3dug5jRaFGQx6qZkA0cCahZpjh0IwUEBFwaAR35bHfuAelWSirZhhBW5C+ZD1GibFSJ1d88CPNfEVknwP2NRMYbpM+bh4P8M1oYnZ8QcxAiaRaHqXBTi7vFtwJ8DzxUpJHKSqd3KffDWksQBrKidYtz41MOyHKMMphlPVjDRGhd6QPLUslEaDbyeS8ET60Shf3QmWfNHii/p5IiNB6KAKbHG+qZ72x+J/Xik3vop0wGcUGJJ1+1Is5NiEed4W7TAE1fGgJoYrZXTEdEEWosY1mbQne7MnzpH5S8M4KxevTfOkyrSOD9tEBOkIeOkcldIUqqIYoekTP6BW9OU/Oi/PufEyjC046s4f+wPn6ARB9oxg=</latexit>

| i ⇠ egX+hZ | TCi

Probing long-range topological entanglement

<latexit sha1_base64="fDp9Q3Hu8/8EJL9Nk2n8BR7BLHU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVh71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH0TmM9g==</latexit>

h

3

Figure 3. Detecting the length scale of topological order.
(a) We represent a 2D patch of topologically ordered matter
with low bond-dimension PEPS (A, grey), and extract the

topological (Renyi) entropy S(2)topo for various “deformations”
gX , gZ , representing the strength of e-/m-anyon correlations.
The PEPS interpolates between TO at small gZ , gX and a
trivial phase. (b) We increase the value gZ in the region (B,
red) to obtain the trivial phase on the “boundary”. The state
is evaluated on the “entanglement” regions (Ci), and the ex-
tracted mutual information has a topological value log(2) in
the TO phase. Shown system sizes [L,d,`] are [10,4,2] (a) and
[12,4,2] (b) (see SM). (c) For an incoherent anyon state the
mutual information I(C1∶C2) first increases with `, saturates
to log(2) once ` surpasses the correlation length ⇠ of the co-
herent anyons, and subsequently decays when d reaches the
“thermal” length scale �T of the incoherent excitations. Data
is shown for gZ = 0.15, gX = 0.

the topological entropy. If the transition in B is of sec-
ond order (as in the case of Z2 TO), we expect it to be
governed by the corresponding 3D universal exponents.
That is, the gap closes polynomially in the system size,
which implies a polynomial runtime for the protocol.

Motivated by these considerations we consider a class
of example states next, which continuously interpolate
between a topologically ordered and a trivial phase, and
which can be e�ciently simulated using tensor networks

for the large systems required in the case of finite cor-
relation lengths. Specifically, we consider (appropriately
normalized) states of the form

� �∝ e∑`(gZ
` Z`+gX

` X`) � TC� , (5)

as similarly considered in recent works [19, 24]. The ad-
ditional operators applied to � TC� reflect the presence
of anyons, in analogy to the ground state of the toric
code Hamiltonian perturbed by transverse and longitu-
dinal fields. In the thermodynamic limit, these perturba-
tions lead to a trivial topological structure for gZ � 0.22
or gX � 0.22 [24].

In the following, we assume that these states reflect the
topological properties of the final states after the protocol
for su�ciently slow execution times T . The ramp forces
the “boundary” spins in region B to the trivial phase,
which we mimick by choosing gB

Z
� gA

Z
, gA

X
(and gB

X
= 0).

The states � � can e�ciently be represented with a ten-
sor network of PEPS as illustrated in Fig. 3(b). Here, the
bond dimension of the tensors is always two, as � TC�

has an exact PEPS representation with bond dimension
two [25], and the additional perturbations do not increase
it. This allows us to e�ciently simulate the mutual in-
formation of the regions C1 and C2 for relatively large
spatial scales d, `, and L, as shown in Fig. 3 (b). Here,
to simplify the computation, we compute second-order

Renyi entropies S(2)C1�2 = − log[Tr(⇢
2
C1�2)], rather than von-

Neumann entropies. While this changes the quantitative
details of our results, it does not change their qualita-
tive nature, as the topological Renyi entropy similarly
serves as a topological invariant [26]. Indeed, the result
of our construction agrees with the extracted topologi-
cal entanglement entropy (see panel (a)) up to finite size
corrections near the phase boundary.

Detecting the length scale of topological entropy.– To
illustrate the emergence of an upper length scale �T for
the long-range entanglement, we consider incoherent ex-
citations of the system, as for instance resulting from
small interactions with a thermal reservoir. Specifically,
we consider the following mixed state

⇢∝ e∑` g
X
` X`e−�HTCe∑` g

X
` X` , (6)

corresponding to a thermal toric-code state perturbed
by local fields, and we focus on the case with gZ = 0,
corresponding to a scenario where ✏m � ✏e. To compute
topological entropies, we statistically sample the PEPS
from this thermal ensemble as explained in the SM.

The result for the mutual information I(C1∶C2) com-
puted from the state ⇢ is shown in Fig. 3(c) for di↵erent
distance scales: We first increase the diameter ` of the
entanglement regions Ci, while keeping the size of re-
gion B (d) fixed. The topological entanglement of log(2)
is obtained, once d surpasses the correlation length of the
coherent anyons, d � ⇠. We then keep the scale ` fixed
and increase the diameter d of the region B. We find the
topological entropy to vanish for distances on the order
of the thermal length scale, d ∼ O(�T ). Assuming this
is the general scenario for experiments operated at small

Cong et al. Nature Comm. (2024)



Example: Thermal/incoherent excitations

<latexit sha1_base64="G4eflkTTCgwk70oA9a7LbLIiK9A=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQlTbssunFZsS9oQ5lMJ+3QySTMTIRS+gluXCji1i9y5984fQgqeuDC4Zx7ufeeMOVMacf5sHIbm1vbO/ndwt7+weFR8fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcr3wO/dUKpaIpp6mNIjxSLCIEayNdNcclAfFkmO7vldxHOTYnu96Vc+Qil/zqy5ybWeJEqzRGBTf+8OEZDEVmnCsVM91Uh3MsNSMcDov9DNFU0wmeER7hgocUxXMlqfO0YVRhihKpCmh0VL9PjHDsVLTODSdMdZj9dtbiH95vUxHtWDGRJppKshqUZRxpBO0+BsNmaRE86khmEhmbkVkjCUm2qRTMCF8fYr+J+2yCcqu3Hql+tU6jjycwTlcggtVqMMNNKAFBEbwAE/wbHHr0XqxXletOWs9cwo/YL19AkWgjdI=</latexit>

T2

<latexit sha1_base64="ONAoRYQpUbubSJVqgwMs2eMrmQc=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjId7Ux3RTcuK/YF7VAyaaYNzWSGJCOU0k9w40IRt36RO//G9CGo6IELh3Pu5d57wpQzpRH6sHJr6xubW/ntws7u3v5B8fCopZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfD332/dUKpaIhp6kNIjxULCIEayNdNfoO/1iCdmOi7yKB5FdrvpV5BriuVXf9aFjowVKYIV6v/jeGyQki6nQhGOlug5KdTDFUjPC6azQyxRNMRnjIe0aKnBMVTBdnDqDZ0YZwCiRpoSGC/X7xBTHSk3i0HTGWI/Ub28u/uV1Mx35wZSJNNNUkOWiKONQJ3D+NxwwSYnmE0MwkczcCskIS0y0SadgQvj6FP5PWmXbqdiXtxel2tUqjjw4AafgHDjAAzVwA+qgCQgYggfwBJ4tbj1aL9brsjVnrWaOwQ9Yb59eJI3j</latexit>

T1

<latexit sha1_base64="G4eflkTTCgwk70oA9a7LbLIiK9A=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQlTbssunFZsS9oQ5lMJ+3QySTMTIRS+gluXCji1i9y5984fQgqeuDC4Zx7ufeeMOVMacf5sHIbm1vbO/ndwt7+weFR8fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcr3wO/dUKpaIpp6mNIjxSLCIEayNdNcclAfFkmO7vldxHOTYnu96Vc+Qil/zqy5ybWeJEqzRGBTf+8OEZDEVmnCsVM91Uh3MsNSMcDov9DNFU0wmeER7hgocUxXMlqfO0YVRhihKpCmh0VL9PjHDsVLTODSdMdZj9dtbiH95vUxHtWDGRJppKshqUZRxpBO0+BsNmaRE86khmEhmbkVkjCUm2qRTMCF8fYr+J+2yCcqu3Hql+tU6jjycwTlcggtVqMMNNKAFBEbwAE/wbHHr0XqxXletOWs9cwo/YL19AkWgjdI=</latexit>
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Figure 3. Detecting the length scale of topological order.
(a) We represent a 2D patch of topologically ordered matter
with low bond-dimension PEPS (A, grey), and extract the

topological (Renyi) entropy S(2)topo for various “deformations”
gX , gZ , representing the strength of e-/m-anyon correlations.
The PEPS interpolates between TO at small gZ , gX and a
trivial phase. (b) We increase the value gZ in the region (B,
red) to obtain the trivial phase on the “boundary”. The state
is evaluated on the “entanglement” regions (Ci), and the ex-
tracted mutual information has a topological value log(2) in
the TO phase. Shown system sizes [L,d,`] are [10,4,2] (a) and
[12,4,2] (b) (see SM). (c) For an incoherent anyon state the
mutual information I(C1∶C2) first increases with `, saturates
to log(2) once ` surpasses the correlation length ⇠ of the co-
herent anyons, and subsequently decays when d reaches the
“thermal” length scale �T of the incoherent excitations. Data
is shown for gZ = 0.15, gX = 0.

the topological entropy. If the transition in B is of sec-
ond order (as in the case of Z2 TO), we expect it to be
governed by the corresponding 3D universal exponents.
That is, the gap closes polynomially in the system size,
which implies a polynomial runtime for the protocol.

Motivated by these considerations we consider a class
of example states next, which continuously interpolate
between a topologically ordered and a trivial phase, and
which can be e�ciently simulated using tensor networks

for the large systems required in the case of finite cor-
relation lengths. Specifically, we consider (appropriately
normalized) states of the form

� �∝ e∑`(gZ
` Z`+gX

` X`) � TC� , (5)

as similarly considered in recent works [19, 24]. The ad-
ditional operators applied to � TC� reflect the presence
of anyons, in analogy to the ground state of the toric
code Hamiltonian perturbed by transverse and longitu-
dinal fields. In the thermodynamic limit, these perturba-
tions lead to a trivial topological structure for gZ � 0.22
or gX � 0.22 [24].

In the following, we assume that these states reflect the
topological properties of the final states after the protocol
for su�ciently slow execution times T . The ramp forces
the “boundary” spins in region B to the trivial phase,
which we mimick by choosing gB

Z
� gA

Z
, gA

X
(and gB

X
= 0).

The states � � can e�ciently be represented with a ten-
sor network of PEPS as illustrated in Fig. 3(b). Here, the
bond dimension of the tensors is always two, as � TC�

has an exact PEPS representation with bond dimension
two [25], and the additional perturbations do not increase
it. This allows us to e�ciently simulate the mutual in-
formation of the regions C1 and C2 for relatively large
spatial scales d, `, and L, as shown in Fig. 3 (b). Here,
to simplify the computation, we compute second-order

Renyi entropies S(2)C1�2 = − log[Tr(⇢
2
C1�2)], rather than von-

Neumann entropies. While this changes the quantitative
details of our results, it does not change their qualita-
tive nature, as the topological Renyi entropy similarly
serves as a topological invariant [26]. Indeed, the result
of our construction agrees with the extracted topologi-
cal entanglement entropy (see panel (a)) up to finite size
corrections near the phase boundary.

Detecting the length scale of topological entropy.– To
illustrate the emergence of an upper length scale �T for
the long-range entanglement, we consider incoherent ex-
citations of the system, as for instance resulting from
small interactions with a thermal reservoir. Specifically,
we consider the following mixed state

⇢∝ e∑` g
X
` X`e−�HTCe∑` g

X
` X` , (6)

corresponding to a thermal toric-code state perturbed
by local fields, and we focus on the case with gZ = 0,
corresponding to a scenario where ✏m � ✏e. To compute
topological entropies, we statistically sample the PEPS
from this thermal ensemble as explained in the SM.

The result for the mutual information I(C1∶C2) com-
puted from the state ⇢ is shown in Fig. 3(c) for di↵erent
distance scales: We first increase the diameter ` of the
entanglement regions Ci, while keeping the size of re-
gion B (d) fixed. The topological entanglement of log(2)
is obtained, once d surpasses the correlation length of the
coherent anyons, d � ⇠. We then keep the scale ` fixed
and increase the diameter d of the region B. We find the
topological entropy to vanish for distances on the order
of the thermal length scale, d ∼ O(�T ). Assuming this
is the general scenario for experiments operated at small

gives rise to length scale of topological entanglement 
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FIG. 1. Programmable two-dimensional arrays of strongly-interacting Rydberg atoms. a. Atoms are loaded into a
2D array of optical tweezer traps and rearranged into defect-free patterns by a second set of moving tweezers. Lasers at 420 nm
and 1013 nm drive a coherent two-photon transition in each atom between ground state |gi = |5S1/2, F = 2,mF = �2i and
Rydberg state |ri = |70S1/2,mj = �1/2,mI = �3/2i. b. Fluorescence image of initial random loading of atoms, followed by
rearrangement to a defect-free 15⇥15 (225 atoms) square array. After this initialization, the atoms evolve coherently under laser
excitation with Rabi frequency ⌦(t) and detuning �(t), and long-range interactions Vij . Finally, the state of each atom is read
out, with atoms excited to |ri detected as loss and marked with red circles. Shown on the far right is an example measurement
following quasi-adiabatic evolution into the checkerboard phase. c, d. Similar evolution on honeycomb and triangular lattices
result in analogous ordered phases of Rydberg excitations with filling 1/2 and 1/3, respectively.

atom. We illuminate the entire array from opposite sides
with two counter-propagating laser beams at 420 and
1013 nm, shaped into light sheets (see Methods), to co-
herently couple |gi to |ri via a two-photon transition
(Fig. 1a).

The resulting many-body dynamics U(t) are gov-
erned by a combination of the laser excitation and long-
range van der Waals interactions between Rydberg states
(Vij = V0/|xi � xj|

6), described by the Hamiltonian

H

~ =
⌦

2

X

i

(|giihri|+ |riihgi|)��
X

i

ni +
X

i<j

Vijninj

(1)
where ~ is the Planck’s constant, ni = |riihri|, and ⌦
and � are the two-photon Rabi frequency and detuning,
respectively. After evolution under the Hamiltonian (1),
the state of each atomic qubit is read out by fluorescence
imaging that detects only atoms in |gi, while atoms in
|ri are detected as loss. Detection fidelities exceed 99%
for both states (see Methods).

The Rydberg blockade mechanism [36, 37] is central
to understanding the programmable dynamics driven by
the Hamiltonian (1). It originates from the long-range
interactions between Rydberg states, providing an e↵ec-
tive constraint that prevents simultaneous excitation of
atoms within a blockade radius Rb ⌘ (V0/⌦)1/6. We con-
trol the e↵ective blockade range Rb/a by programming
the lattice spacing a for the atom array. Using these
control tools, we explore quantum evolution resulting in
a wide variety of quantum phases.

CHECKERBOARD PHASE

The smallest value of Rb/a that results in an ordered
phase for the quantum many-body ground state of the
system corresponds to Rb/a ⇡ 1, where only one out of
every pair of nearest-neighbor atoms can be excited to
|ri. On a square array, this constraint leads to a Z2-
symmetry-broken checkerboard phase with an antiferro-
magnetic (AF) ground state. To realize such a state,
we initialize the array at Rb/a = 1.15 (a = 6.7 µm,
⌦ = 2⇡ ⇥ 4.3 MHz) with all atoms in |gi. We then
dynamically sweep the detuning � from negative to pos-
itive values while keeping the Rabi frequency ⌦ fixed
to bring the system quasi-adiabatically into the checker-
board phase (Fig. 1b and Fig. 2a). A similar approach
can be used to create analogous ordered phases on other
lattice geometries (Fig. 1c, d).

We quantify the strength of antiferromagnetic correla-
tions in the checkerboard phase over many experimental
repetitions using the connected density-density correla-
tor G(2)(k, l) = 1

N(k,l)

P
i,j
(hninji � hniihnji), where the

sum is over all pairs of atoms (i, j) separated by the same
relative lattice displacement x=(k, l) sites, normalized
by the number of such pairs N(k,l). Our measurement

of G(2)(k, l) on a 12⇥12 system (Fig. 2b) yields horizon-
tal and vertical correlation lengths of ⇠H = 11.1(1) and
⇠V = 11.3(1) respectively (Fig. 2c), showing long-range
correlations across the entire 144 atom array. These ex-
ceed the values reported previously for two-dimensional

Atom-by-atom approach for building quantum matter 

Harvard: Lukin group
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respectively. After evolution under the Hamiltonian (1),
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imaging that detects only atoms in |gi, while atoms in
|ri are detected as loss. Detection fidelities exceed 99%
for both states (see Methods).

The Rydberg blockade mechanism [36, 37] is central
to understanding the programmable dynamics driven by
the Hamiltonian (1). It originates from the long-range
interactions between Rydberg states, providing an e↵ec-
tive constraint that prevents simultaneous excitation of
atoms within a blockade radius Rb ⌘ (V0/⌦)1/6. We con-
trol the e↵ective blockade range Rb/a by programming
the lattice spacing a for the atom array. Using these
control tools, we explore quantum evolution resulting in
a wide variety of quantum phases.
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The smallest value of Rb/a that results in an ordered
phase for the quantum many-body ground state of the
system corresponds to Rb/a ⇡ 1, where only one out of
every pair of nearest-neighbor atoms can be excited to
|ri. On a square array, this constraint leads to a Z2-
symmetry-broken checkerboard phase with an antiferro-
magnetic (AF) ground state. To realize such a state,
we initialize the array at Rb/a = 1.15 (a = 6.7 µm,
⌦ = 2⇡ ⇥ 4.3 MHz) with all atoms in |gi. We then
dynamically sweep the detuning � from negative to pos-
itive values while keeping the Rabi frequency ⌦ fixed
to bring the system quasi-adiabatically into the checker-
board phase (Fig. 1b and Fig. 2a). A similar approach
can be used to create analogous ordered phases on other
lattice geometries (Fig. 1c, d).

We quantify the strength of antiferromagnetic correla-
tions in the checkerboard phase over many experimental
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Experimental application: Rydberg atom arrays

PXP Hamiltonian in Kagome lattice (Rydberg blockade)  
              topological order
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Consider additional local detuning on boundary:
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Discussion & Outlook

Scalable protocol to probe topological entanglement at 
large scales 

Protocol time determined by nature of TO-to-trivial phase 
transition 

Applicable to various classes of TO phases 

Requires local control over single-body terms 
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Hamilton-Jacobi-Bellman equations for 
Rydberg-blockade processes

Rydberg blockade The gate setting

The cluster setting

Bellman formalism

• Standard setting for design of Rydberg entangling gates.

• Ensemble of ! mutually blockaded, three-level atoms:
• Long-lived (hyperfine) states encode qubits.
• Rydberg state used to generate interaction.

• The atoms are collectively driven on the |1⟩ ↔ |&⟩ transition, with 
Rabi frequency Ω and laser phase (.

• Dynamics decompose into ! inequivalent effective two-level systems 
(TLSs).

• Rabi frequency enhancement )Ω = +Ω due to delocalized excitation.

• Applications: globally driven quantum computation 
in two-species arrays, quantum simulation protocols.

• Ensemble of two-level atoms arranged in 
independent, fully blockaded clusters of ! types 
(atom numbers).

• Collective driving on the |,⟩ ↔ |&⟩ transition.

• Dynamics correspond to ! effective TLSs.

• Same mathematical framework for gate and cluster 
settings.

• Optimal control problem: minimize cost function of the form:

subject to dynamics:

• Main idea: Bellman principle of optimality. Parts of an
optimal trajectory are themselves optimal trajectories for
their associated control problem.

• In the continuous-time case: leads to a first-order, nonlinear
PDE.

• Solution of the HJB equation contains all the information 
about the optimal control problem:

• Minimum costs
• Optimal controls
• Optimal trajectories

• Rydberg states: high principal quantum number - ≫ 1. 
Leads to large dipole moments.

• Van der Waals interaction: / = 01/31 with 3 the 
interatomic distance and 01 scaling quickly with -.

• When atoms are close, 3 < 35 = 01/Ω 6/1, Rydberg 
blockade: simultaneous excitations to the Rydberg state are 
energetically forbidden.

• Leads to conditional dynamics, which can be used to 
generate entanglement.

• Applications to quantum computing and simulation.

HJB equations Two-qubit results

• D. E. Kirk, Optimal Control Theory: An Introduction (Prentice-
Hall, 1970).

• M. Saffman, T. G. Walker, and K. Mølmer, Quantum information
with Rydberg atoms, Reviews of Modern Physics 82, 2313
(2010).

• S. Jandura and G. Pupillo, Time-optimal Two- and Three-Qubit
Gates for Rydberg Atoms, Quantum 6, 712 (2022).

• H. Levine, A. Keesling, G. Semeghini, A. Omran, T. T. Wang, S.
Ebadi, H. Bernien, M. Greiner, V. Vuletić, H. Pichler, and M. D.
Lukin, Parallel Implementation of High-Fidelity Multiqubit Gates
with Neutral Atoms, Physical Review Letters 123, 170503 (2019).

• F. Cesa and H. Pichler, Universal Quantum Computation in
Globally Driven Rydberg Atom Arrays, Physical Review Letters
131, 170601 (2023).

• C. Fromonteil, D. Bluvstein, and H. Pichler, Protocols for Rydberg
Entangling Gates Featuring Robustness against Quasistatic
Errors, PRX Quantum 4, 020335 (2023).

Cluster processes Extension to three qubits

• For our ! effective two-level systems: move to the Bloch 
sphere picture (89, ;9, ;<,9) and derive the HJB equation 
with these variables:

• Solve by generalizing the method of characteristics.

• Example: “single qubit” (one TLS) case. 
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• Central process: controlled-phase gates. Define variables 
(; = ;C − ;6, Φ = ;<,C − 2;<,6).

Retrieves results from gradient descent method.

• Simultaneous excitation process: building block for various 
Rydberg protocols.

Latitude Longitude Ground-state 
phase

• Straightforward extension to more than two TLSs.

• Example: three-qubit (CCZ) entangling gate. Define variables 
(;C6 = ;C − ;6, ;F6 = ;F − ;6),
(ΦF = ;<,F − 3;<,6, ΦC = ;<,C − 2;<,6).

• Much faster than decomposition into elementary single- and 
two-qubit gates.

• Increasing number of parameters makes numerical search 
more challenging.

• Linear scaling of the dimensionality with !: possible 
extension to more complex processes.

Optimal trajectory Optimal control

Bloch representation C-phase gates

• Optimization of all cluster setting processes involved in 
global-drive universal quantum computation scheme.

• Information propagation given by simultaneous excitation 
process. For gates, three building blocks:

• All optimal pulses are interpretable in terms of simple 
composite pulse sequences.

00 → |00⟩
01 → |01⟩
10 → |10⟩

11 → J9K|11⟩

86 ∶ M → M
8C ∶ M → M
; ∶ 0 → 0
Φ ∶ 0 → Φ

86 ∶ M → 0
8C ∶ M → 0
; ∶ 0 → 0

C-phase gate:

Simultaneous 
excitation:

89 ∶ M → M
;9 ∶ 0 → 0

ΦC ∶ 0 → M [2M]
ΦF ∶ 0 → 0 [2M]

One atom Two atoms

Selective rotation 1 
(single-qubit gates):

Selective rotation 2 
(single-qubit gates):

Selective phase 
(two-qubit gates):

86 ∶ M → M
8C ∶ M → 8C,PQR<

86 ∶ M → 86,PQR<
8C ∶ M → M

86 ∶ M → M
8C ∶ M → M
;<,C ∶ 0 → Φ

• C. Fromonteil, R. Tricarico, F. Cesa, and H. 
Pichler, Hamilton-Jacobi-Bellman equations 
for Rydberg-blockade processes, arXiv
2402:12956 (2024).

CCZ gate:
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Hamilton-Jacobi-Bellman equations for 
Rydberg-blockade processes

Rydberg blockade The gate setting

The cluster setting

Bellman formalism

• Standard setting for design of Rydberg entangling gates.

• Ensemble of ! mutually blockaded, three-level atoms:
• Long-lived (hyperfine) states encode qubits.
• Rydberg state used to generate interaction.

• The atoms are collectively driven on the |1⟩ ↔ |&⟩ transition, with 
Rabi frequency Ω and laser phase (.

• Dynamics decompose into ! inequivalent effective two-level systems 
(TLSs).

• Rabi frequency enhancement )Ω = +Ω due to delocalized excitation.

• Applications: globally driven quantum computation 
in two-species arrays, quantum simulation protocols.

• Ensemble of two-level atoms arranged in 
independent, fully blockaded clusters of ! types 
(atom numbers).

• Collective driving on the |,⟩ ↔ |&⟩ transition.

• Dynamics correspond to ! effective TLSs.

• Same mathematical framework for gate and cluster 
settings.

• Optimal control problem: minimize cost function of the form:

subject to dynamics:

• Main idea: Bellman principle of optimality. Parts of an
optimal trajectory are themselves optimal trajectories for
their associated control problem.

• In the continuous-time case: leads to a first-order, nonlinear
PDE.

• Solution of the HJB equation contains all the information 
about the optimal control problem:

• Minimum costs
• Optimal controls
• Optimal trajectories

• Rydberg states: high principal quantum number - ≫ 1. 
Leads to large dipole moments.

• Van der Waals interaction: / = 01/31 with 3 the 
interatomic distance and 01 scaling quickly with -.

• When atoms are close, 3 < 35 = 01/Ω 6/1, Rydberg 
blockade: simultaneous excitations to the Rydberg state are 
energetically forbidden.

• Leads to conditional dynamics, which can be used to 
generate entanglement.

• Applications to quantum computing and simulation.

HJB equations Two-qubit results

• D. E. Kirk, Optimal Control Theory: An Introduction (Prentice-
Hall, 1970).

• M. Saffman, T. G. Walker, and K. Mølmer, Quantum information
with Rydberg atoms, Reviews of Modern Physics 82, 2313
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Cluster processes Extension to three qubits

• For our ! effective two-level systems: move to the Bloch 
sphere picture (89, ;9, ;<,9) and derive the HJB equation 
with these variables:

• Solve by generalizing the method of characteristics.

• Example: “single qubit” (one TLS) case. 

Optimal 
times >∗

Optimal 
controls (∗

J(x(t), t,u(⌧)) = h(x(T ), T ) +
R T
t g(x(⌧),u(⌧), ⌧)d⌧

�@J⇤(x, t)

@t
= min

u
{g(x,u, t) + a(x,u, t) ·rxJ

⇤(x, t)}

min
u

{a(x,u) ·rxJ
⇤(x)} = �1

General 
case

Static case 
(> = @ − B)

Optimal (minimum) cost

State ControlStarting 
time

Final 
time

1 = ⌦

�����

NX

k=1


i
p
nk e

i�k
@J⇤

@✓k
�

p
nk ei�k

tan(✓k)

@J⇤

@�k
�

p
nk ei�k

2tan(✓k/2)

@J⇤

@�g,k
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• Central process: controlled-phase gates. Define variables 
(; = ;C − ;6, Φ = ;<,C − 2;<,6).

Retrieves results from gradient descent method.

• Simultaneous excitation process: building block for various 
Rydberg protocols.

Latitude Longitude Ground-state 
phase

• Straightforward extension to more than two TLSs.

• Example: three-qubit (CCZ) entangling gate. Define variables 
(;C6 = ;C − ;6, ;F6 = ;F − ;6),
(ΦF = ;<,F − 3;<,6, ΦC = ;<,C − 2;<,6).

• Much faster than decomposition into elementary single- and 
two-qubit gates.

• Increasing number of parameters makes numerical search 
more challenging.

• Linear scaling of the dimensionality with !: possible 
extension to more complex processes.

Optimal trajectory Optimal control

Bloch representation C-phase gates

• Optimization of all cluster setting processes involved in 
global-drive universal quantum computation scheme.

• Information propagation given by simultaneous excitation 
process. For gates, three building blocks:

• All optimal pulses are interpretable in terms of simple 
composite pulse sequences.

00 → |00⟩
01 → |01⟩
10 → |10⟩

11 → J9K|11⟩

86 ∶ M → M
8C ∶ M → M
; ∶ 0 → 0
Φ ∶ 0 → Φ

86 ∶ M → 0
8C ∶ M → 0
; ∶ 0 → 0

C-phase gate:

Simultaneous 
excitation:

89 ∶ M → M
;9 ∶ 0 → 0

ΦC ∶ 0 → M [2M]
ΦF ∶ 0 → 0 [2M]

One atom Two atoms

Selective rotation 1 
(single-qubit gates):

Selective rotation 2 
(single-qubit gates):

Selective phase 
(two-qubit gates):

86 ∶ M → M
8C ∶ M → 8C,PQR<

86 ∶ M → 86,PQR<
8C ∶ M → M

86 ∶ M → M
8C ∶ M → M
;<,C ∶ 0 → Φ

• C. Fromonteil, R. Tricarico, F. Cesa, and H. 
Pichler, Hamilton-Jacobi-Bellman equations 
for Rydberg-blockade processes, arXiv
2402:12956 (2024).
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Generalizations: Abelian and Non-abelian string-net models
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=

(
1

0

<latexit sha1_base64="RfDH3Tt7VFseZP+7co6ZOzERMyw=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJCMoaenJmnTs9Ddo4Qh/+HFgyJe/Rdv/o2dZA6a+KDg8V4VVfW8RHClbfvbKiwtr6yuFddLG5tb2zvl3b2milPJsMFiEcu2RxUKHmFDcy2wnUikoSew5Q2vJ37rEaXicXSnRwm6Ie1HPOCMaiPdk66PQtNexh+GYtwrV+yqPQVZJE5OKpCj3it/df2YpSFGmgmqVMexE+1mVGrOBI5L3VRhQtmQ9rFjaERDVG42vXpMjozikyCWpiJNpurviYyGSo1Cz3SGVA/UvDcR//M6qQ4u3YxHSaoxYrNFQSqIjskkAuJziUyLkSGUSW5uJWxAJWXaBFUyITjzLy+S5knVOa+e3Z5Wald5HEU4gEM4BgcuoAY3UIcGMJDwDK/wZj1ZL9a79TFrLVj5zD78gfX5A5YBkpc=</latexit>

�ijkl

<latexit sha1_base64="zaCvjY3PBexxYbqTkiQ1oAwehfc=">AAACG3icbVDLSsNAFJ34tr6qLt0MFsFVTcTXsuhClwr2AU0oN5OJDk4mYeZGKaH/4cZfceNCEVeCC//GSduFrwMDh3Pu5c45YSaFQdf9dCYmp6ZnZufmKwuLS8sr1dW1lklzzXiTpTLVnRAMl0LxJgqUvJNpDkkoeTu8OSn99i3XRqTqEvsZDxK4UiIWDNBKvequnwBe66SI83LGpyxVBjUIhWbnFHJjfCrhzqdxLmMhJY8GvWrNrbtD0L/EG5MaGeO8V333o5TlCVfIJBjT9dwMgwI0Cib5oOLnhmfAbuCKdy1VkHATFMNsA7pllYjGqbZPIR2q3zcKSIzpJ6GdLJOY314p/ud1c4yPgkKoLEeu2OiQDUkxpWVRNBKaM5R9S4BpYf9K2TVoYGjrrNgSvN+R/5LWbt07qO9f7NUax+M65sgG2STbxCOHpEHOyDlpEkbuySN5Ji/Og/PkvDpvo9EJZ7yzTn7A+fgCs66icw==</latexit>

fusion constraints/Gauss law fulfilled
<latexit sha1_base64="vx9WUQMYW0JQ5UxwQBSyc5Crznw=">AAAB9HicbVDLSgMxFL3js9ZX1aWbwSK4KjPia1l047KCfUA7lEx624YmmTHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+SEMWfaeN63s7K6tr6xWdgqbu/s7u2XDg4bOkoUxTqNeKRaIdHImcS6YYZjK1ZIRMixGY7uMr85RqVZJB/NJMZAkIFkfUaJsVLQEcQMlUiRa5x2S2Wv4s3gLhM/J2XIUeuWvjq9iCYCpaGcaN32vdgEKVGGUY7TYifRGBM6IgNsWyqJQB2ks9BT99QqPbcfKfukcWfq742UCK0nIrSTWUi96GXif147Mf2bIGUyTgxKOj/UT7hrIjdrwO0xhdTwiSWEKmazunRIFKHG9lS0JfiLX14mjfOKf1W5fLgoV2/zOgpwDCdwBj5cQxXuoQZ1oPAEz/AKb87YeXHenY/56IqT7xzBHzifP27Okow=</latexit>

else

<latexit sha1_base64="zaCvjY3PBexxYbqTkiQ1oAwehfc=">AAACG3icbVDLSsNAFJ34tr6qLt0MFsFVTcTXsuhClwr2AU0oN5OJDk4mYeZGKaH/4cZfceNCEVeCC//GSduFrwMDh3Pu5c45YSaFQdf9dCYmp6ZnZufmKwuLS8sr1dW1lklzzXiTpTLVnRAMl0LxJgqUvJNpDkkoeTu8OSn99i3XRqTqEvsZDxK4UiIWDNBKvequnwBe66SI83LGpyxVBjUIhWbnFHJjfCrhzqdxLmMhJY8GvWrNrbtD0L/EG5MaGeO8V333o5TlCVfIJBjT9dwMgwI0Cib5oOLnhmfAbuCKdy1VkHATFMNsA7pllYjGqbZPIR2q3zcKSIzpJ6GdLJOY314p/ud1c4yPgkKoLEeu2OiQDUkxpWVRNBKaM5R9S4BpYf9K2TVoYGjrrNgSvN+R/5LWbt07qO9f7NUax+M65sgG2STbxCOHpEHOyDlpEkbuySN5Ji/Og/PkvDpvo9EJZ7yzTn7A+fgCs66icw==</latexit>

fusion constraints/Gauss law fulfilled

Examples:

• Abelian: 
• Non-abelian: 

<latexit sha1_base64="53GCvL6oc893+1jTA1+XggwBUbs=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpNyUpvhCEYl3oroJ9QBPCZDpph04ezEyEEvoHbvwVNy4UcevWnX/jpM2ith4YOHPOvdx7jxsxKqRh/Gi5peWV1bX8emFjc2t7R9/da4kw5pg0cchC3nGRIIwGpCmpZKQTcYJ8l5G2O6ynfvuRcEHD4EGOImL7qB9Qj2IkleTox3cly0dywP2kPnbMy5lPtQyvoMXCfumm7OhFo2JMABeJmZEiyNBw9G+rF+LYJ4HEDAnRNY1I2gnikmJGxgUrFiRCeIj6pKtogHwi7GRyzxgeKaUHvZCrF0g4UWc7EuQLMfJdVZmuK+a9VPzP68bSu7ATGkSxJAGeDvJiBmUI03Bgj3KCJRspgjCnaleIB4gjLFWEBRWCOX/yImlVK+ZZ5fT+pFi7zuLIgwNwCErABOegBm5BAzQBBk/gBbyBd+1Ze9U+tM9paU7LevbBH2hfv5GGmxY=</latexit>

I(C1 : C2) = log(D)
<latexit sha1_base64="ss4jPL5KBJFUolgtMVIpwJcNzlE="></latexit>

I(C1 : C2) = � log(D) + 2
X

k

d2k
D

log(
dk
D

)

<latexit sha1_base64="e+FRSH8zjgtcf6ZSO+xMmnTuzOA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmZnO8mQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgeZ8zaqz0EPZGvXLFrbozkGXi5aQCOeq98lc3jFkaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSkj6sbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66Smf+1nXCapQcnmi/qpICYm079JyBUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wdIYI3Q</latexit>

dk : quantum dimension

: total quantum dimension
<latexit sha1_base64="IRSK4SHdh3JrcUh0bPfOyUt86Bc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZLiayMUdeGygn1AG8NkMmmHzEzCzKRQQv/EjQtF3Pon7vwbp20W2nrgwuGce7n3niBlVGnH+bZKK6tr6xvlzcrW9s7unr1/0FZJJjFp4YQlshsgRRgVpKWpZqSbSoJ4wEgniG+nfmdEpKKJeNTjlHgcDQSNKEbaSL5t38Fr2FcZ92MYPtX92LerTs2ZAS4TtyBVUKDp21/9MMEZJ0JjhpTquU6qvRxJTTEjk0o/UyRFOEYD0jNUIE6Ul88un8ATo4QwSqQpoeFM/T2RI67UmAemkyM9VIveVPzP62U6uvJyKtJME4Hni6KMQZ3AaQwwpJJgzcaGICypuRXiIZIIaxNWxYTgLr68TNr1mntRO384qzZuijjK4Agcg1PggkvQAPegCVoAgxF4Bq/gzcqtF+vd+pi3lqxi5hD8gfX5A7UNkm8=</latexit>

D =
X

k

d2k

Levin, Wen. PRB 71 (2005)

Probing long-range topological entanglement



Extension to (undoubled) non-time-reversal-symmetric phases 
Example: fractional quantum Hall states

Glue and deform two TO sheets (time-reversals of each other):

Torus has no internal boundaries 

Mutual information extracted from regions around openings 
yields topological entanglement 2log(2) 
Extension to time-reversal-breaking phases e.g. fractional 
quantum hall states. 

Probing long-range topological entanglement



<latexit sha1_base64="Gr0DUtNOJe8/c1t63Z4Tl0W6vWc=">AAACGnicbVDLSgMxFM3UV62vUZdugkVwY5kRXxuh1k2XFewD2jJk0ts2NJkJSaZQSr/Djb/ixoUi7sSNf2P6ALX1wIWTc+7l5p5QcqaN5305qaXlldW19HpmY3Nre8fd3avoOFEUyjTmsaqFRANnEZQNMxxqUgERIYdq2Lsd+9U+KM3i6N4MJDQF6USszSgxVgpcv4iv8UkDpGbcvgE3dCKCPr6x9SOLqSxxIZCBm/Vy3gR4kfgzkkUzlAL3o9GKaSIgMpQTreu+J01zSJRhlMMo00g0SEJ7pAN1SyMiQDeHk9NG+MgqLdyOla3I4In6e2JIhNYDEdpOQUxXz3tj8T+vnpj2VXPIIpkYiOh0UTvh2MR4nBNuMQXU8IElhCpm/4pplyhCjU0zY0Pw509eJJXTnH+RO787y+YLszjS6AAdomPko0uUR0VUQmVE0QN6Qi/o1Xl0np03533amnJmM/voD5zPbzPMn8c=</latexit>

H = �✏e

X

v

Av � ✏m

X

p

Bp

Example: ``Toric code” fixed-point state:       topological order
<latexit sha1_base64="TvyJR49vxTx7Y+e+eWe4a1zifXM=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykzxtSy6cVnBPrAzlEyaaUMzmSHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3KCRHBtHOcbrayurW9slrbK2zu7e/uVg8O2jlNFWYvGIlbdgGgmuGQtw41g3UQxEgWCdYLxbe53npjSPJYPZpIwPyJDyUNOibGS50XEjIIge5z26/1K1ak5M+Bl4hakCgWa/cqXN4hpGjFpqCBa91wnMX5GlOFUsGnZSzVLCB2TIetZKknEtJ/NMk/xqVUGOIyVfdLgmfp7IyOR1pMosJN5Rr3o5eJ/Xi814bWfcZmkhkk6PxSmApsY5wXgAVeMGjGxhFDFbVZMR0QRamxNZVuCu/jlZdKu19zL2sX9ebVxU9RRgmM4gTNw4QoacAdNaAGFBJ7hFd5Qil7QO/qYj66gYucI/gB9/gD7H5Gp</latexit>Z2

Probing long-range topological entanglement

<latexit sha1_base64="WuVMpeHgzfAhtf5LqeUA1t2gyaM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSNGeSSwIbNDAxNmZzczsyRkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D+o6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB4N/UbI1SaR/LJjGP0Q9qXvMcZNVZ6vOmMOsWSW3ZnIMvEy0gJMlQ7xa92N2JJiNIwQbVueW5s/JQqw5nASaGdaIwpG9I+tiyVNETtp7NTJ+TEKl3Si5QtachM/T2R0lDrcRjYzpCagV70puJ/XisxvWs/5TJODEo2X9RLBDERmf5NulwhM2JsCWWK21sJG1BFmbHpFGwI3uLLy6R+VvYuyxcP56XKbRZHHo7gGE7BgyuowD1UoQYM+vAMr/DmCOfFeXc+5q05J5s5hD9wPn8AI7qNuA==</latexit>

Av

<latexit sha1_base64="Zkq1hCpViK63AieegzCQppMZe+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfb2f9MsVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xscKI2z</latexit>

Bp

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p <latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

<latexit sha1_base64="lnbN4qqMaBJ9suGeH0MLQ7A71fM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkmtHxeh6MVjBdsG2hA22027dLOJu5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprRtf1srq2vrG5uFreL2zu7efungsKXiVBLaJDGPpRtgRTkTtKmZ5tRNJMVRwGk7GN5N/faISsVi8ajHCfUi3BcsZARrI3k3ru+4ftX1z12/5pfKdsWeAS0TJydlyNHwS1/dXkzSiApNOFaq49iJ9jIsNSOcTordVNEEkyHu046hAkdUedns6Ak6NUoPhbE0JTSaqb8nMhwpNY4C0xlhPVCL3lT8z+ukOrz2MiaSVFNB5ovClCMdo2kCqMckJZqPDcFEMnMrIgMsMdEmp6IJwVl8eZm0qhXnsnLxUCvXb/M4CnAMJ3AGDlxBHe6hAU0g8ATP8Apv1sh6sd6tj3nripXPHMEfWJ8/6raQ6Q==</latexit>

= X1X2X3X4

<latexit sha1_base64="cIMKotjSmKGLm2ImycTHwiBVGFs=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFclaTWx0YounFZwT5IG8JkOmmHTiZxZlIopd/hxoUibv0Yd/6N0zYLbT1w4XDOvdx7T5BwprRtf1srq2vrG5u5rfz2zu7efuHgsKHiVBJaJzGPZSvAinImaF0zzWkrkRRHAafNYHA39ZtDKhWLxaMeJdSLcE+wkBGsjeTduL7j+mXXP3f9il8o2iV7BrRMnIwUIUPNL3x1ujFJIyo04ViptmMn2htjqRnhdJLvpIommAxwj7YNFTiiyhvPjp6gU6N0URhLU0Kjmfp7YowjpUZRYDojrPtq0ZuK/3ntVIfX3piJJNVUkPmiMOVIx2iaAOoySYnmI0MwkczcikgfS0y0ySlvQnAWX14mjXLJuSxdPFSK1dssjhwcwwmcgQNXUIV7qEEdCDzBM7zCmzW0Xqx362PeumJlM0fwB9bnD/cKkPE=</latexit>

= Z1Z2Z3Z4

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

Ground state: equal-weight superposition of all loop/string configurations



Hamiltonian Learning protocol for quantum system
Simulation

Hamiltonian Learning protocol for quantum system
<latexit sha1_base64="NiUGqFPX/IGBTh4G1+bqEr4Pka8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjRV0W3bisYB/QDiWT3rahSWZIMkIdir/ixoUibv0Pd/6NmXYW2nogcDj3Hu7JCWPOtPG8b6ewsrq2vlHcLG1t7+zuufsHTR0likKDRjxS7ZBo4ExCwzDDoR0rICLk0ArHN9m89QBKs0jem0kMgSBDyQaMEmOlnnvUFcSMlEgFEJ0oECDNtOeWvYo3A14mfk7KKEe95351+xFNMjPlROuO78UmSIkyjHKYlrqJhpjQMRlCx1JJBOggnaWf4lOr9PEgUvZJg2fqb0dKhNYTEdrNLKtenGXif7NOYgZXQcpknBiQdH5okHBsIpxVgftMATV8YgmhitmsmI6IItTYwkq2BH/xy8ukeV7xLyrVu2q5dp3XUUTH6ASdIR9dohq6RXXUQBQ9omf0it6cJ+fFeXc+5qsFJ/ccoj9wPn8AoNKV/w==</latexit>

measurement

Hamiltonian Learning

QS


