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Plan

1 Reminder: Perturbative Chern-Simons invariants at an acyclic flat
connection (Witten-Axelrod-Singer).

2 Non-acyclic flat connection: formal volume form on the moduli
space of flat connections.

3 Global volume form on the moduli space. Invariance of total volume
under changes of metric.

4 Sketch of proof.
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Chern-Simons path integral

Fix:

M – closed oriented 3-manifold

G a Lie group (compact, simply-connected, matrix), g = Lie(G).

Let P = trivial G-bundle over M .

Chern-Simons action:

SCS(A) =

∫
M

tr

(
1

2
A ∧ dA+

1

6
A ∧ [A ∧, A]

)
Field: A ∈ Conn(P) = Ω1(M, g).

Critical points: flat connections.

SCS(A) mod 4π2Z is invariant under gauge transformations
A 7→ g−1Ag + g−1dg.
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Path integral heuristics

Partition function:

Z(M) =

∫
Conn/Gauge

DA e
i
ℏSCS(A) =

stationary phase

∑
[A0]

ZA0

– putative invariant of a 3-manifold.

Contribution of an acyclic flat connection A0:

ZA0
=

BV/gauge−fixing
”

∫
im(d∗A0

)⊂Ω•(M,g)[1]

DB e i
ℏSCS(A0+B) ”

Here we chose an auxiliary metric on M .

Note: SCS(A0 + B) = SCS(A0) +
∫
M

tr
(

1
2B ∧ dA0

B + 1
6B ∧ [B ∧, B]

)
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Perturbative (mathematical) formula for ZA0

Ref: Witten’89, Axelrod-Singer’91,94.

ZA0
: = e

i
ℏSCS(A0)τ

1
2

A0
e

πi
4 ψA0

∑
Γ

(−iℏ)−χ(Γ)
|Aut(Γ)| ΦΓ ∈ e i

ℏ c · C[[ℏ]]

Notations:

τA0
is the Ray-Singer torsion.

ψA0
is the Atiyah-Patodi-Singer η-invariant of L− = dA0

∗+ ∗ dA0

on Ωodd(M, g).

Γ runs over trivalent graphs:

Γ = ∅, , , , . . .
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Weights of Feynman graphs

ΦΓ =

∫
CV (M)

〈 ∧
edges (uv)

π∗uvη ∧
∧

short loops (vv)

π∗vη
∆,

⊗
vertices v

f

〉

fη η

η

η
η η∆

f

f

f

Here:

CV (M) FMAS-compactified configuration space of
V = #{vertices of Γ} ordered points on M .
πuv : CV (M)→ C2(M) records the positions of u, v.
πv : CV (M)→M .
Propagator η ∈ Ω2(C2(M), g⊗ g) – integral kernel of K = d∗G –
chain contraction of (Ω•(M, g), dA0). G = ∆−1 Green’s function.
η∆ ∈ Ω2(M, g⊗ g) regularized evaluation of η on the diagonal
Diag ⊂M ×M .
f ∈ g⊗3 – structure tensor, ⟨, ⟩ – trace pairing on g.
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Metric-invariance

Theorem (Witten/Axelrod-Singer)

There exists a power series

c(ℏ) = i
dim g

24(2π)
+
⟨f, f⟩
24(2π)2

iℏ+ · · · ∈ C[[ℏ]]

with universal coefficients (independent of M), such that

Zren
A0

: = ec(ℏ)Sgrav(g,σ)ZA0

does not depend on the metric g.

Here:

σ : M × R3 → TM is a framing (trivialization of TM up to
homotopy).

Sgrav(g, σ) = SCS(σ
∗∇Levi−Civita).

Thus: coefficients an in Zren
A0

= e
i
ℏSCS(A0)

∑
n≥0 anℏn are invariants of

(framed 3-manifold, acyclic flat connection).
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Non-acyclic A0

Let A0 – a possibly non-acyclic flat connection.

ZA0
(a) = ”

∫
im(d∗A0

)

Dαfl e
i
ℏSCS(A0+i(a)+αfl) ”

: = e
i
ℏSCS(A0)τ

1
2

A0
e

πi
4 ψA0

∑
Γ

(−iℏ)−χ(Γ)
|Aut(Γ)| ΦΓ(a) ∈ Dens

1
2 ,formal(H•A0

[1])

Here:

a ∈ H•A0
[1] “zero-mode”.

τA0
∈ DetHA0

Ray-Singer torsion.

Γ runs over 3-valent graphs with leaves
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Weights of Feynman graphs

ΦΓ(a) =∫
CV (M)

〈 ∧
edges (uv)

π∗uvη ∧
∧

short loops (vv)

π∗vη
∆∧

∧
leaves l

π∗v(l)i(a),
⊗

vertices v

f

〉

Propagator: One has Hodge decomposition

Ω•(M, g) = HarmA0 ⊕ im(dA0)

dA0←−−
⊕
−→
K

im(d∗A0
)

Propagator η = integral kernel of K = d∗A0
GA0

, with
G = (∆A0 + Pharm)

−1, chain homotopy in the Hodge theory SDR

K ↷ (Ω•(M, g), dA0
)
i
⇆
p
H•A0

with i – inclusion of cohomology as harmonic forms, p – projection to
cohomology.
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Comment: fiber BV integral

The path integral ZA0(a) = ”

∫
im(d∗A0

)

Dαfl e
i
ℏSCS(A0+i(a)+αfl) ” is a

“fiber BV integral” associated to Hodge decomposition

Ω•(M, g)︸ ︷︷ ︸
F

= HarmA0︸ ︷︷ ︸
F ′

⊕ im(dA0
)⊕

L︷ ︸︸ ︷
im(d∗A0

)︸ ︷︷ ︸
F ′′

αfl F

F ′

F ′′

L

a
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Smooth irreducible flat connections

Definition:

1 A flat connection A0 is irreducible if H0
A0

= 0.

2 A flat connection A0 is smooth, if the L∞ algebra on HA0
induced

from dgLa (Ω•(M, g), dA0
, [− ∧, −]) is has vanishing operations.

Remarks:

If A0 is irreducible, smoothness is equivalent to the moduli space of
flat connectionsM being a smooth manifold around [A0].

For A0 irreducible, ZA0
depends only on a ∈ H1

A0
≃ TA0

M and

ZA0
(a) ∈ Ωtop, formal(H1

A0
).

LetM′ ⊂M – moduli space of smooth irreducible flat connections.
Want to study ZA0

as a family over A0 – as a section of

D ←−−−− Ωtop, formal(H1
A0

)y
M′
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Main result – announcement

We will define Zglob ∈ Ωtop(M′),

Zglob
A0

= e
i
ℏSCS(A0)τ

1
2

A0
e

πi
4 ψA0

∑
(d∗)−1ad∗

i[δA]

a2

[δA] = ZA0

∣∣
a=0
·(1+O(ℏ))

such that:

Main Theorem

Variation w.r.t. metric is exact:

δgZ
glob,ren = dM′(· · · )

with Zglob,ren = ec(ℏ)Sgrav(g,ϕ)Zglob, c(ℏ) = i dim g
24(2π) + · · · ∈ C[[ℏ]], same

series as in Witten-Axelrod-Singer.
In particular, forM′α a closed smooth connected component ofM′,∫
M′

α
Zglob,ren is an invariant of a framed 3-manifold.
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Putative relation to RT invariants

Let RTk,N (M) be the Reshetikhin-Turaev invariant of M with
G = SU(N) at level k. Let {cj} be the set of values of SCS onM.

Conjecture

1 (Asymptotic expansion conjecture, Andersen, Reshetikhin)

RTk,N (M) ∼k→∞
∑
j

e
i
ℏ cjfj(ℏ)

with ℏ = 2π
k+h∨ and fj ∈ C[[ℏ]] some power series

2 (Refinement) IfMj : = S−1CS(cj) ⊂M is a closed smooth
submanifold contained inM′, then

e
i
ℏ cjfj(ℏ) =

∫
Mj

Zglob,ren

Here Zglob,ren is defined using Atiyah’s canonical 2-framing.
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Construction of Zglob, part 1

Let

W (a2, ζ) =
1

2
⟨a2,Θa2⟩

a2

ζ

a2

ζ

+
∑
Γ

(−iℏ)l(Γ)
|Aut(Γ)| Φ̂Γ

∈ Ω•(M′, S•(H2
A[−1])∗)[[ℏ]] ≃ C∞(M′, S•(H1

A[1]⊕H2
A[−1])∗)[[ℏ]]

Here:

Variables: a2 ∈ H2
A[−1], ζ = [δA] ∈ H1

A[1] ≃ TA[1]M′.
Γ runs over connected 3-valent graphs with leaves.

Θ = p ad∗i(ζ)GdGad
∗
i(ζ)i
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Feynman weights Φ̂Γ

Φ̂Γ(a
2, ζ) =∫

CV (M)

〈 ∧
edges (uv)

π∗uv η̂ ∧
∧

short loops (vv)

π∗v η̂
∆ ∧

∧
leaves l

π∗v(l)̂i(a
2),

⊗
vertices v

f

〉

η̂ ∈ Ω2(M′ ×C2(M), g⊗ g) – extended propagator – integral kernel
of

K̂ =

2∑
p=0

K(−ad∗i(ζ)G)p ∈
2⊕
p=0

Ω2(M′,End(Ω•(M, g))−1−p)

+ ζ + ζ ζ

η̂∆ ∈ Ω2(M′ ×M, g⊗ g) – regularized evaluation of η̂ on
Diag ⊂M ×M .

î =

2∑
p=0

(−Gad∗i(ζ))pi ∈
2⊕
p=0

Ωp(M′,Hom(H•A,Ω
•−p(M, g)))

a2 +
ζ

a2 +
a2

ζ ζ
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Comment

K̂, î,Θ are parts of an SDR – an extension of Hodge retraction

K ↷ (Ω•(M, g), dA)
i
⇆
p
H•A

to a family version overM′:

K̂ ↷

(
Ω•(M′,Ω•(M, g)), dA + δM′

) î
⇆
p̂

(
Ω•(M′, H•A), δM′ +Θ

)
The extension relies on homological perturbation lemma.
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Definition of Zglob

Definition of Zglob

Zglob
A : = e

i
ℏSCS(A)e

πi
4 ψAτ

1
2

A

∫
H2

A[−1]⊕H1
A[1]

Da2Dζ e i
ℏ (W (a2,ζ)+⟨a2,ζ⟩)

︸ ︷︷ ︸
Zglob,hl

∈ Ωtop(M′)
Low orders:

Zglob,hl = 1 +

iℏ
12

∫
C2

⟨η∧η∧η,f⊗f⟩

+
iℏ
8

∫
C2

⟨π∗
1η∆∧η∧π∗

2η∆,f⊗f⟩

+

iℏ
2

∫
M ⟨(Kad∗

χi
G)∆∧χi,f⟩

+
iℏ
2

∫
M ⟨η∆∧(Gad∗

χi
χi),f⟩

+
iℏ
2

∫
M ⟨χi∧, ad∗

χj
GdGad∗

χi
χj⟩

+
iℏ
2

∫
M ⟨χi∧, ad∗

χi
GdGad∗

χj
χj⟩

+O(ℏ2)

Then Main Theorem holds: δgZ
glob,ren = dM′(· · · ).
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Sketch of proof. Step 1: Desynchronized Hodge
decomposition

Let FC′ be the space of smooth irreducible flat connections.

Lemma

For (A,A′) ∈ U – an open neighborhood of Diag ⊂ FC′ × FC′, one has

Ω•(M, g) = HarmA,A′ ⊕ im dA ⊕ im d∗A′

where HarmA,A′ = kerdA ∩ kerd∗A′ = ker [dA, d
∗
A′ ]︸ ︷︷ ︸

∆A,A′

≃ H•A

One has SDR

KA,A′︸ ︷︷ ︸
d∗
A′ (∆A,A′+PA,A′ )−1

↷ (Ω•(M, g), dA)
iA,A′

⇆
pA,A′

H•A
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Desynchronized Chern-Simons partition function

Consider “desynchronized” Chern-Simons path integral expanded around
A, with gauge-fixing L = im d∗A′ :

ZA,A′(a) = ”

∫
im d∗

A′

Dαfl e
i
ℏSCS(A+iA,A′ (a)+αfl)”

= same formula as for ZA(a), replacing K, i→ KA,A′ , iA,A′

∈ Dens
1
2 ,formal(HA[1])

A
kinetic flat connection

A′

gauge-fixing flat connection

A
=
A
′

∇G-horizontality

∆-exact shift

U
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Step 2: Extended partition function: ∇Hodge

Let U ⊂ FC′ × FC′ ×Met = {(A,A′, g)} a neighborhood of
Diag ×Met. On the trivial bundle

E ←−−−− Ω•(M, g)y
U

one has a connection ∇Hodge = δ +H preserving Hodge decomposition
in fibers. Connection 1-form:
H = HδA +HδA′ +Hδg ∈ Ω1(U ,End(Ω•(M, g))),

HδA = −(KadδAdK +KadδAP + PadδAK)

HδA′ = −(dGad∗δA′Kd+ dGad∗δA′P + Pad∗δA′Gd)

Hδg = dKλδgKd+ dKλδgP + PλδgKd

where λδg = ∗−1δg∗.
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Extended partition function

Set

Ž(a) : = ”

∫
im d∗

A′

Dαfl e
i
ℏ (SCS(A+B)−

∫
M
⟨δA,B⟩−

∫
M

1
2 ⟨B,H(B)⟩)

∣∣∣
B=i(a)+αfl

”

= e
i
ℏSCS(A)τ

1
2

A e
πi
4 ψAe

i
ℏ (−⟨[δA],a⟩+ 1

2 ⟨a,Θ̌a⟩)
∑
Γ

(−iℏ)−χ(Γ)
|Aut(Γ)| Φ̌Γ(a)

∈ Ω•(U ,Dens
1
2 ,formal(HA[1]))

Here Φ̌Γ is defined using Ǩ on edges, ǐ(a) on leaves with

Ǩ =

2∑
p=0

K(HK)p = + + , = +

ǐ(a) =

2∑
p=0

(KH)pi(a) +KδA = a + a + a + δA

Θ̌ = −pHKHi =
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A typical graph in Ž

a

Hδg

δA

HδA′

HδA′
Hδg

a
a

a

a

a

HδA′

– a term in
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Horizontality of Ž (differential quantum master equation)

Theorem

The extended partition function satisfies the dQME:

(∇D − iℏ∆a −
i

ℏ
1

2
⟨a, F∇Ha⟩)︸ ︷︷ ︸

flat “Gauss−Manin” superconnection

Žren = 0

Here:

∆a = ∂2

∂a1∂a2 the BV Laplacian on Dens
1
2 ,formal(HA[1]).

∇Hodge restricted to harmonic forms yields a connection ∇H (with

curvature F∇H) on the cohomology bundle

H ←−−−−−− HAy
U

and in turn connection ∇D on

D ←−−−−−− Dens
1
2
,formal(HA[1])y

U
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Remark: low degrees along U

Ž|Ω0(U) = Z the usual (non-extended, desynchronized) partition
function.

Restriction of dQME to Ω1(U) yields infinitesimal variation
statements:

δA′Z = ∆a(· · · )
δgZ

ren = ∆a(· · · )
δAZ = ⟨[δA], δ

δa
⟩Z for δA harmonic.

Proof of dQME is based on Stokes’ theorem on configuration spaces.
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Step 3: Reduction of Ž to the moduli space

1 Restrict Ž to A′ = A, δA′ = δA harmonic;

2 Pass to gauge classes of connections;

3 Remove trees which are 1-forms along U .
Result: Z ∈ Ω•(M′ ×Met,D).

dQME⇒ (∇GM′×Met − iℏ∆a)Z
ren

= 0

Here:

∇GM′ = ∇DM′ + {ξ,−}+∆aξ the flat Grothendieck connection on
D →M′,

ξ = −⟨[δA, a]⟩+
∑

trees with one white vertex ∈ Ω1(M′, S(HA[1])
∗)

∇GM′×Met = ∇GM′ + δg + µ+∆aµ the flat Grothendieck connection
on D →M′ ×Met,

µ =
∑

trees with one black vertex ∈ Ω0,1(M′ ×Met, S(HA[1])
∗)
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Step 4: Constructing a global object on the moduli space

One has SDR

· · · ↷ (Ω•(M′,D),∇G)
···
⇆

···|a1=0,[δA=0]

(Dens
1
2 (T ∗[−1]M′), 0)

Considering it in a family over Met and perturbing the differential, one
gets the SDR

K ↷

(
Ω

•
(M′ ×Met,D),∇G

M′×Met − iℏ∆a

)
(I)

i
⇆
p

(
Dens

1
2 (T

∗
[−1]M′

)⊗ Ω
•
(Met), δg − iℏ∆M′

)
(II)

with

p(· · · ) =
(∫

H2
A[−1]⊕H1

A[1]

Da2D [δA]︸︷︷︸
ζ

e
i
ℏ ⟨a

2,ζ⟩ · · ·
)∣∣∣
a1=0We have

Z
ren

is a cocycle of (I)⇒

Žglob,ren : = p(Z
ren

) = · · ·
∑

δg

δg
is a cocycle of (II)
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Cocycle property of Žglob,ren in lowest degree along Met

Let Žglob,ren(k) be the k-form component of Žglob,ren along Met.

(δg − iℏ∆M′)Žglob,ren = 0

⇒
···|Ω1(Met)

δgŽ
glob,ren(0) = iℏ∆M′Žglob,ren(1) (1)

Remark

One has isomorphisms of chain complexes

(Dens
1
2 (T ∗[−1]M′),∆M′) ∼= (Ωtop(M′)⊗ V•(M′),div) ∼= (Ω•(M′), dM′)

Under this iso, Zglob,ren = Žglob,ren(0) is a top form, Žglob,ren(1) is a
(top-1)-form. (1) becomes

δgZ
glob,ren = dM′(· · · )

This proves the Main Theorem.
Q.E.D.
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Remark

dM′-primitive for the metric variation of Zglob,ren is:

Žglob,ren(1) = e
i
ℏSCS(A)e

πi
4 ψAτ

1
2

A ·

·
(

++ + +O(ℏ)
)
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Open questions/wish list

1 Explicit computations. E.g., 2-loop invariant for components ofM′
for Seifert homology 3-spheres.

2 Extension fromM′ toM – incorporating singular and reducible
connections.

3 Extension to manifolds with boundary/corners.

4 Comparison with RT.

5 Other models where perturbation theory is in a family over a
parameter space X, with gauge-fixing depending on X?
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