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Reminder: Perturbative Chern-Simons invariants at an acyclic flat
connection (Witten-Axelrod-Singer).

Non-acyclic flat connection: formal volume form on the moduli
space of flat connections.

Global volume form on the moduli space. Invariance of total volume
under changes of metric.

Sketch of proof.
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Chern-Simons path integral

Fix:
@ M - closed oriented 3-manifold
e G a Lie group (compact, simply-connected, matrix), g = Lie(G).
@ Let P = trivial G-bundle over M.

Chern-Simons action:
1 1
Scs(A) :/ tr| cAANdA+ AN [AGA]
M 2 6

Field: A € Conn(P) = QY(M, g).
o Critical points: flat connections.

e Scs(A) mod 4727 is invariant under gauge transformations
A g tAg+ g 1dg.
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Path integral heuristics

Partition function:

Z(M) :/ DA erSes(A) - Za
Conn/Gauge stationary phase % 0

— putative invariant of a 3-manifold.
Contribution of an acyclic flat connection Ag:

Z A, = DB e#Scs(AotB) »

7
BV /gauge—fixing /im(dZO)CQ'(Myg)[l]

Here we chose an auxiliary metric on M.

Note: Scs(Ao+ B) = Sos(Ao) + [y, tr(%B NdaB+1BA[BA B])
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Perturbative (mathematical) formula for Z4,

Ref: Witten'89, Axelrod-Singer'91,94.

(—ih)=x@)

Za,: :e%scsmo)éoe%woz At dr e C[[h]]
u

r
Notations:
@ 74, is the Ray-Singer torsion.

@ 14, is the Atiyah-Patodi-Singer n-invariant of L_ = d 4, * + * d 4,
on Q°44(M g).

@ I runs over trivalent graphs:

FZ@?@vO_OaA,"'
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Weights of Feynman graphs

edges (uv) short loops (vv) vertices v

0 f77 an

Here:

e Cy (M) FMAS-compactified configuration space of
V = #{vertices of T'} ordered points on M.

® Tyy: Cy (M) — Cy(M) records the positions of u, v.
7y Oy (M) — M.

e Propagator € Q2(Cy(M), g ® g) — integral kernel of K = d*G -
chain contraction of (Q°*(M, g),da,). G = A~! Green's function.

o 72 € Q?(M, g ® g) regularized evaluation of 77 on the diagonal
Diag C M x M.

o f € g® — structure tensor, {,) — trace pairing on g.
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Metric-invariance

Theorem (Witten/Axelrod-Singer)

There exists a power series

_ dimg (/)
- T24(2m)  24(27)?

c(h) ifi+ - € C[[A]

with universal coefficients (independent of M), such that

Zf4e0n: — ec(h)sgrav(gva)ZAO

does not depend on the metric g.

Here:

@ 0: M x R3 — TM is a framing (trivialization of TM up to
homotopy).

o Sgrav (ga U) = SCS (J*VLevifcwita)-

Thus: coefficients a,, in Z71" = e#Sos(Ao) > >0 anh™ are invariants of
(framed 3-manifold, acyclic flat connection).
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Non-acyclic Ay

Let Ay — a possibly non-acyclic flat connection.

ZAO ((1) _” / DOéﬂ e%SCS(A0+i(a)+aﬂ) 9
im(d* )
~ . _iR)~x(TD)
— o, Scs(Ao) 3 FYag ( ih)~x iy cD 1 formal o 1
¢ TA,€ EF: |Aut(F)| F(a) S ( Ao[ ])
Here:

° a € Hj [1] "zero-mode”.
@ T4, € DetH 4, Ray-Singer torsion.

o I runs over 3-valent graphs with leaves é
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Weights of Feynman graphs

/CV(M)< /\ Tl A /\ 773577&/\ /\ 7r,§<l>i(a)7 ® f>

edges (uv) short loops (vv) leaves [ vertices v

Propagator: One has Hodge decomposition
da,

. A
Q*(M,g) = Harma, © im(da,) © im(d},)
—
K

Propagator 7 = integral kernel of K’ = d; G a,, with
G = (A4, + Pharm) ™!, chain homotopy in the Hodge theory SDR

K C (Q.(Mvg)adAo):H:h)
p

with ¢ — inclusion of cohomology as harmonic forms, p — projection to
cohomology.
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Comment: fiber BV integral

The path integral Z4,(a) =" / Dag erScs(Aoti(a)tan) » ig 4
im(d’zo)

“fiber BV integral” associated to Hodge decomposition

L

: 5
Q°*(M,g) = Harmy, ©im(da,) @ im(dy,)
—_—— ——
F F Fr
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Smooth irreducible flat connections

Definition:
Q A flat connection Ay is irreducible if H} = 0.

@ A flat connection Ay is smooth, if the L., algebra on Hy, induced
from dgla (Q°*(M,g),da,,[— » —]) is has vanishing operations.

Remarks:

o If Ag is irreducible, smoothness is equivalent to the moduli space of
flat connections M being a smooth manifold around [Ay].

@ For Ay irreducible, Z,, depends only on a € H}y ~ T4, M and
ZAU (CL) c Qtop, formal([_f}l40 ) )

Let M’ C M — moduli space of smooth irreducible flat connections.
Want to study Z4, as a family over Ay — as a section of

D Qtop, formal (H}L‘ )
0

l

M/
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Main result — announcement

We will define Z&l°P € QP (M),

. 1 . a
z8lob _ o 1Scs(A0) 12 o H¥ag
A() AO

such that:

Variation w.r.t. metric is exact:

5nglob,ren — dM’ ( . )

with Zglobren — cc(R)Sgrav(9:6) Z8lob o(f) = 2‘11{‘2‘7?) + - € C[[h]], same
series as in Witten-Axelrod-Singer.

In particular, for M’ a closed smooth connected component of M’,
fM’ Zglobren is an invariant of a framed 3-manifold.

= g =
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Putative relation to RT invariants

Let RTy n(M) be the Reshetikhin-Turaev invariant of M with
G = SU(N) at level k. Let {c;} be the set of values of Scg on M.

@ (Asymptotic expansion conjecture, Andersen, Reshetikhin)

RTy N (M) ~k—so0 Zehcjf

with i = k+hv and f; € C[[h]] some power series

@ (Refinement) If M;: = S;g(cj) C M is a closed smooth
submanifold contained in M’, then

e%cj fj (h) = / 8lob,ren
M

J

Here Zglobren is defined using Atiyah's canonical 2-framing.



Let

Wia 70 % +Z Aut

€ QY (M, S (HA[-1])")[[A]] = C>(M', S*(HA[1] & HA[-

Here:
o Variables: a* € H4[—1], ¢ = [0A] € H4[1] =~ Ta[1]M'.
@ I' runs over connected 3-valent graphs with leaves.
° © = padjGdGadj i

1)")[[A]]
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Feynman weights (/IS]_"

* 2~ *AA
/Cv<M>< A man N " )(tg)f>

edges (uv) short loops (vv) leaves [

e NEN* (M xCy(M),g®g) — extended propagator — integral kernel

of
2

2
K=Y K(-adj,G)P €P*(M End(Q*(M,g))-1-,)

p=0 p=0
S N WD N

o 2 € Q?(M' x M,g® g) — regularized evaluation of 7 on

Diag C M x M.
2 2
oi=) (—Gadj,)Pi € @ QP (M', Hom(HY, Q* P (M, g)))
p=0

a‘+2C + C j:
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}A(,?, © are parts of an SDR — an extension of Hodge retraction

K C (Q'(M,g),dA)éHZ
p

to a family version over M’:

K¢ (Q'(M', Q% (M, g)),da + 5M,) % (Q’(M’, HY), o0 + e)
P

The extension relies on homological perturbation lemma.
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Definition of Z8°b

Definition of Z

7B = e%SCS(A)e%wATj/ Da2 D¢ ek (W@ O+a?.0)
H3[-1]eH} (1]
Zglob,hl
€ Q°P(M')
W
Low orders:

gElob bl _ g o @ 4 O—0O

) in X X
B Jo, mAnanfof)  E Joy (min® Annmsn® . f@F)
+ Oy + 50
ih [ (Kad® G)AAxi hf A A(Gads xt), )
2 S (Kadl, G)2AXT.f) 2 M xi

+ . - +0(h?)

. . e . ih i A\ j
B [r (xifady, GdGady x) 2 Jar O hady, GdGads x7)

Then Main Theorem holds: d,Z81°b% = o (- - - ),
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Sketch of proof. Step 1: Desynchronized Hodge
decomposition

Let FC’ be the space of smooth irreducible flat connections.

For (A, A") € U — an open neighborhood of Diag C FC' x FC', one has

Q°(M,g) =Harma 4 ®imds & imdy,

where Harm g 4 = kerda Nkerd’, = ker [da,d%/| ~ HY
——

AA,A’
Y
One has SDR
iA,A’
KA,A' C (Q.(M>g)adA) = H1.4
Pa,al

~——
a5 (Ap artPa ar)™?t
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Desynchronized Chern-Simons partition function

Consider “desynchronized” Chern-Simons path integral expanded around
A, with gauge-fixing £ =imd},:

ZA,A’ (a) ) / DO{ﬂ e%SCS(A‘H;A,AI(a)‘Faﬂ)”
im d¥,

= same formula as for Z4(a), replacing K,i — K4 ar,ia 4

1

€ Densz ™ (F,[1])

A
gauge-fixing flat connection ’§~

A-exact shift

o
VS -horizontality

kinetic flat connection



Sketch of proof
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Step 2: Extended partition function: VHodse

Let U C FC' x FC' x Met = {(A, A’, g)} a neighborhood of
Diag x Met. On the trivial bundle

E «—— Q%(M,qg)
|
u

one has a connection VH°dg¢ = § + I preserving Hodge decomposition
in fibers. Connection 1-form:
H = H;sa + Hsar + Hsy € Q'(U, End(Q2°(M, g))),

Hss = —(KadsadK + KadsaP + PadsaK)
Hsa = —(dGad’,Kd+ dGad, P+ PadiyGd) —o—
Hsqg = dKAsgKd+ dKAsqP 4+ PAsgKd ——

where A5y = x~15,%.
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Extended partition function

Z(a): =7 / Doy e%(SCS(AJrB)ffM<6AvB>7IM 3 (B,H(B))) ”
im d*, B=i(a)+as

: Lo ) i) —x(T
= eFSos(A)rE o5 k(- (BALa)+H(ada) 5 (I;h) (;;|)<i)1‘(a)
ut

€ Q° (U, Dens? ™ (H 4[1]))

Here ®r is defined using K on edges, i(a) on leaves with

2
p=0
2
i(a) = Y (KH)Pi(a)+K6A=a— +. + + o
p=0

@ = —pHKHi = ———0—
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A typical graph in Z

—atermin
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Horizontality of Z (differential quantum master equation)

The extended partition function satisfies the dQME:

1 :
(VP —ihA, — —={(a, Fgua)) Z™ =0

flat “Gauss—Manin” superconnection

Here:
° A, aalaa2 the BV Laplacian on Dens?’formdl(HA[l]),

o VHodse restricted to harmonic forms yields a connection V¥ (with
H +— HA

curvature Fyu) on the cohomology bundle l

u

D+ DensZ o™l (1, 1])

and in turn connection V2 on l

u
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Remark: low degrees along U

® Z|gow) = Z the usual (non-extended, desynchronized) partition
function.
@ Restriction of dQME to Q!(U) yields infinitesimal variation
statements:
o 64 Z=NAu(-")
0 8,27 = Ay(---)
o 047 = ([5A], £)Z for §A harmonic.

Proof of dQME is based on Stokes’ theorem on configuration spaces.
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Step 3: Reduction of Z to the moduli space

O Restrict Zto A’ = A, 6A’ = §A harmonic;

@ Pass to gauge classes of connections;

© Remove trees which are 1-forms along U.
Result: Z € Q°(M'’ x Met, D).

dQME = (VS0 senter — AN Z " =0

Here:

o V&, = VR + {& —} + Au€ the flat Grothendieck connection on
D— M,

&= —([4, a]>+z trees with one white vertex € Q' (M’ S(HA[1])*)

® Viiuner = VS + 64 + 1t + Aqp the flat Grothendieck connection
on D — M’ x Met,

W= Ztrees with one black vertex € Q%! (M’ x Met, S(H [1])*)
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Step 4: Constructing a global object on the moduli space

One has SDR
L C (M, D),VE) S (Dens?(T*[-1]M’),0)
"'\alzo,[(m:o]
Considering it in a family over Met and perturbing the differential, one
gets the SDR

i 1
K ¢ (Q'(M’ x Met, D), V54« nper — mAa) = (Densé(T*[q]M’) ® Q° (Met), 5, — mAM,)
(1) ’ (rn)

with

o) = (/ Da?D [54] e#(a*0) )
We have HE[-1]eH}[1] \C/’

al=0

Z""is a cocycle of (1) =

Zglobren . (7 { is a cocycle of (I1)
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Cocycle property of Z&°Pren in Jowest degree along Met

Let Zglobren(k) he the k-form component of Z8°P:ren 3long Met.

(59 o ihAM/)ZgIOb’ren -0
= 5nglob,ren(O) _ ihAM/Zglob,ren(l) (1)

"'|szl(Met)

One has isomorphisms of chain complexes

(Dems® (T*[~1]M"), Aur) & (2P (M) © V* (M), div) 2 (Q° (M), dp)

Under this iso, Zeglobsren — 7glob,ren(0) jg 4 top form, zslobren(1) g o
(top-1)-form. (1) becomes

5nglob,ren _ d./\/l’ ( . )

This proves the Main Theorem.
Q.E.D.
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d p-primitive for the metric variation of Z8lobren js:

~ i i 1
Zglob,ren(l) — eﬁSCS(A)eTﬂJATz .

A
(a—@ + G + *N)‘FO(FL))
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Open questions/wish list

@ Explicit computations. E.g., 2-loop invariant for components of M’
for Seifert homology 3-spheres.

Extension from M’ to M — incorporating singular and reducible
connections.

(2]

@ Extension to manifolds with boundary/corners.
@ Comparison with RT.
o

Other models where perturbation theory is in a family over a
parameter space X, with gauge-fixing depending on X7?
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