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The scattering equations

Take nnull momenta kj e R, i =1,....n, k? =0, >k =0,

* define P: CP' - C?/® Q%

k.
Plo):=> . _’O_.do, o,0; € CP'
i=1 !

e Solve for o; € CP' with the n scattering equations e 1972

n
Res,, (Pz) = ki - P(o}) = Z ki-ki

=1

=0.
oj — O'j
= P2=0Vo.
* PcC?@K, K =Q7 = Mobius invariance
¢ only n — 3 scattering equations are independent.
e There are (n — 3)! solutions.
Arise in large o’ strings (cross-Mende 1983) & tWistor-strings (roiban, spradin,

Volovich, Witten 2004].



Worldsheet amplitude formulae

Proposition (Cachazo, He, Yuan 2013,2014)
Massless tree amplitudes in d-dims are integrals/residue sums:

I'TT]; 6(ki - P(0))

_<d X ] | !

Mo =0 (ZK’> /@pn » Vol SL(2,C) x C3
; (cp")

where T!/" = T"(!/"  k;, o) depend on the theory.




Worldsheet amplitude formulae

Proposition (Cachazo, He, Yuan 2013,2014)
Massless tree amplitudes in d-dims are integrals/residue sums:

_ , 7' ]1;9(ki - P(o))
Mp =8 (Z k’) /(@P,1) Vol SL(2,C) x C3

where T!/" = T"(!/"  k;, o) depend on the theory.
* polarizations ¢! for spin 1, €/ @ €’ for spin-2 (ki -¢; =0...).

-Ct B
Aj = ., B,-jzgj C,-j:’iq, for j + j
oj — 0j 0j — 0j gi —0j
e For YM, I’ Pf’( ), T i o=

e ForGRZ/ = PF'(M'), T Pf’(M’).

e Introduce skew 2n x 2n matrices M = < A C> ’




Geometry of ambitwistor space

Work in complex holomorphic category:

e (MY, g) is a d-dimensional complex manifold, local
coordinates X* € CY with holomorphic metric g(X),...-

e Ex: complexification of real space-time, small thickening.
Ambitwistor space A:
* A := space of complex null geodesics in (M9, g).

® On T*M, let P, be holomorphic fibre coordinates, and
holomorphic symplectic form and potential:

w=dP,Nndx", 6=P,dx".
e Can construct A as symplectic quotient
A=TsM/{P-V}, ToM:=T"M|pa—g, P? .= g"P,P,.

e P .V = Hamiltonian vector field of P? = geodesic spray.
e Symplectic potential and form 6, w descend to A



Correspondence with space-time

Projectivise: PA := space of unscaled complex light rays.
e Points x € M correspond to X C PA,
e X = {light rays thru x} = projective lightcone = PT;M|pz_,
e Space-time M = space of such X C PA.
Space-time Twistor Space

A7
2N

Space-time geometry is encoded in complex structure of A.

X/

— 7



Deformation theory

Theorem (LeBrun 1983 following Penrose 1976)

Complex structure of PA determines M and conformal metric g.
Correspondence is stable under deformations of the complex
structure of PA that preserve symplectic potential 6 = p, dx*.

Preserving 6 = gluing is canonical, generated by Hamiltonians.



From real null geodesics . ..

For real space-time (Mg, gr) dimension d,
¢ Phase space action: null geodesic v, (X,P) : R — T*Mg

_ . _ 2
S_L(P dX — eP?/2),

e e c Q'(y) is ‘einbein’ and Lagrange multiplier for P? = 0.
¢ Flat space gauge freedom 6(X, P, e) = (aP,0,2d«).
Gives space of real null geodesics

Ar == T"Mg|p2_o/{gauge}.



to Ambitwistor Strings

Complexify: v ~ ¥, Riemann surface, and (Mg, gr) ~ (M, g).
e Ambitwistor string: X : X - M, P X*T*"M & K

Shos = /(P-ézX— eP?/2).

with e € Q¥' © T%, where K = Q°.
e e again enforces P? =0,
* flat space gauge freedom: §(X, P, e) = (aP,0,20q).
Gives ambitwistor space

A = T*M|p2_y/{complex gauge}.



BRST Quantization of bosonic ambitwistor string

To quantize, gauge fix Spos = [(P - ds X — e P?/2) by setting
e 3y = dyon ¥ ~ usual (b, ¢) € (K2, TL°) ghosts for diffeos.
e =0~ ghosts (b, &) € (K2, T}°) for translation by P - V.
Gives quadratic gauge fixed action

Sor = Suole-03e—, + Sehos = | P+ 0X+ bdo -+ bie.
But with BRST operator
Q—ch-ax+aP2.

In flat space, computing Q2 we have central charge
C=2d—-26-26

so to quantize consistently 92 = 0 = d = 26.



Vertex operators and descent

Physical states <> vertex operators <» D = Q + dy-cohomology

V9P € QF |Ghost =g

Naturally have Q= Q+ Q,d =0+, D =D+ D.

(b, c)-system < standard hol. diffeos <+ 9 : Q89 — Q‘;”’q.
Focus on novel (b, &) <+ P - V but Q*9 — Q*a+1,

D = Q + d-closure gives tilde-vertex operator descent

JVItta L Qveatt o, v99 ¢ (QL0)P e Q0

Ghost#=g -

Claim: Descent implements Penrose transform for,
VIO = 4(X) gy P .. PP VOl e HI(PA,O(n—1))

O(n) = hgs fns degree nin P, on PT*M, descending to PA.



Linear transform for fields
Fields on ambitwistor space

Theorem (Baston & M.1988)
Trace-free symmetric fields on M denoted (. . .)o, are given by

HY(PA, O(n = 1)) = {b(ur.uno } AV (s Trigpan)o )

¢ Define TyM := T*M|p2_,, and double fibration,
PTEM
m v P-V \( T2
PA M.

e De Rham up fibres of 74 give short exact sequence
0 — O(n—1)ps = O(N—1prsm = O(N)ersm — O
¢ Gives long exact sequence connecting hom. ¢ = descent,
— HO(PT;M, 0(n—1)) ¥ HO®T; M, O(n)) > H' (PA, O(n—1)) = 0



Key example n = 2 for linear gravity

On PA, 0 € QL, ® O(1) is a holomorphic contact structure.
6 gives complex structure on PA via 6 A d#92. So:

Deformations of complex structure < [06] € H%(IP’A, 0(1)).

o H'(PTsM,0(1)) = 0 so 7}66 = ) for some j mod P - V(x).

® OP-Vj=P.-Vnii0 = 0so P- Vjis holomorphic in (P, X),
o)

* P.Vj=49,.(X)P"P"” for some variation in the metric dg.

On flat space-time, set g, = e**e,e, then
. . P)? - - .
j= e'k'X(Ek F;D) . 00=0j=05(k P)e*X(c- P).

Delta-function support on k - P = 0 = the scattering equations.




Vertex operators and amplitudes

Integrated vertex ops V =[5 VO = §(Sg,s) <+ 4.
Actionis [0 = [ P-dX so integrated vertex operator is

Vol = /259(01') :/zg(ki'P(Gi))eik'x(ai)(ﬁi'P(Ui))z'

Fixed vertex ops V!0 := ¢(0;) V' "°(0;) where

Quantum consistency implies field equations:
{QVi}=0 < k®=0, kle =0.

Need 3 fixed vertex ops to fix residual gauge ~» amplitude

M(@1,...,n) :/D[X, P,.. ] VIOVROVIOYRT 0T eiS,



Evaluation of amplitude

e Take e -X(?)) factors into action to give
1 _ .
S = 27T/>:P'3X+2W2ij’k'x(0f)-

* Gives field equations 0X =0, 0P =2rY;iké?(c — 0}).
e Solutions X(c) = X =const., P(o)=>; Uf’ol_ do.
Thus path-integral reduces to

2

M(1,...,n) = /ddxe"E/er 712713023 [[La 3l - P) (cs- Plor)
RIx Mo p Vol Mobius

_ < , [T 3(ki - P) (ei - P(01))?
) (Z’:k,) .

(Vol Mobius)?2

where ¢, ¢-ghosts ~» usual Fadeev-Popov for residual gauge.



Evaluation of amplitude

e Take e -X(?)) factors into action to give
1 = .
S = 27T/>:P-8X—|—27TZI:IK-X(U,-).

* Gives field equations 0X =0, 0P =2rY;iké?(c — 0}).
e Solutions X(c) = X =const., P(o)=>; Uf"ol_ do.
Thus path-integral reduces to

2

M(1,....n) = /ddxe"E/er 71201002 [[La ki - P) (6~ P(e1))
RIx Mo p Vol Mobius

sy ky [ MEedlh P (o Ploy))
’. 7 me (Vol Mobius)?
where ¢, ¢-ghosts ~» usual Fadeev-Popov for residual gauge.

Unfortunately: gives amplitudes of some weird 6" order
gravity!



Spinning light rays and super ambitwistor space

1o
Pfaffians arise as correlators of RNS fermions W} € Q2"

N
e
S[X,P,\U]:/P-dX—2P2+;\U,~dwr—XrP~\U,

Xr ~ constraints P - ¥, = 0 that generate worldline N = 2 susy
0 0
Dr:wr'ﬁ—i_P.@i\Ur’ {Dr,Ds}:(Srsp'v.
Super ambitwistor space: V' = 1,2

AY = symplectic quotient of C2919V 5 (X, P, w,) by P2 PV,
Symplectic potential: 0=P-dX+V, dv,

Super ambitwistor correspondence holds with perturbations

2
r=1

Note: polarization states €1,e2, ~» NS sector of type Il sugra.



Super ambitwistor strings

Use chiral RNS-like action
2
S[X, P, V] :/ P-OX—SPP4+S W, 30, + PV,
b 2 r=1

with N = 2 susy (degenerate).
¢ To quantize, gauge fix x, = 0 ~ bosonic ghosts (5;,~,) in
(Qé’o, T59) for fermionic symmetry (and (b, ¢), (b, &)).
e We obtain BRST operator

Q:/CT+&P2+7,P~\II,.

e For Q2 = 0 central charge C must vanish

C:2d+g+g—26+11—26+11 =3(D-10)

e So critical in d = 10 dimensions.



Amplitudes

¢ Integrated vertex operator
2

Vi= /y_eik'x("’) 5(k-P(0})) H(Gr-P(Ui)+€r"|’r(0i)k'wr(0i))

r=1

¢ need two fixed operators for ~, zero modes
U; = eki-X(@i) H er - Ve(oj)
r

e and an extra fixed one to fix 3rd ¢ and ¢ zero modes
V; = HGr U/ —l—\U (U/)k v (U/))
So amplitudes are given by

M(,...,n) = <C1 Cy H7r1 Uy 0252H7r2U20353 V3V4-~Vn> :
r r



Amplitude formulae with Pfaffians

e Scattering equs arise as before ~» §9(>; ki) [1,0(k; - P).
e Correlator of V4, W, independent, ~» two factors.
e Contractions give for example

ki - K € " €
A= Vi Vi) = T B (e = o
Proposition
We obtain CHY formula

M@A,...,n)=6 (Z,: k,-) /cw Pi;f)’l\”;)LZ:(gZ) H’S(k,--P(a,-))da,-

e Can include current algebra etc. ~» Parke-Taylor factors

¢ Heterotic model: as above but r = 1 and current algebra
(SO(32) or Eg x Eg for @ = 0) ~» CHY Yang-Mills formula.

® Bosonic case +2 current algebras ~» CHY scalar formula.

e Extends CHY formulae to loops & Ramond sectors.



Other models

Algorithm: null (super-) particle ~ (super-) ambitwistor string:

e 4d Ferber’s supertwistor massless super-particle ~» Witten
twistor-string and new ambidextrous model (geyerm. Lipstein, 2014].

Green-Schwarz version:

S= / P-OX + Pyl ,0°06°.

Berkovits pure spinor S= [ P- OX + pad8* + ..., cfalso
w/ Guillen & M other pure spinor models in 10 & 11d.

M+Geyer: twistor models in dims 4, 6, 10, 11, & massive.
New models ~ new worldsheet amplitude formulae.



Models in curved space

For the RNS models
e classically Q2 = 0 trivially.
e Quantum mechanically Q2 = 0 < field equs,
* e.g., type Il RNS models ~ field equs of type Il SUGRA.

[Adamo,Casali,Skinner 2014].
The Type Il example:
o With W = W) + jw}, ¥, = ¥, — i¥,, gauge-fixed action
is quadratic in curved space!
e However, BRST is generated by operators

H=g"(X)P,P,, G=PV"  G=g"(X)PV,.
¢ Field equations are quantum anomalies that violate algebra
{G,G} =0, {G,G}=0, {GG}=H, [HH =0.

e Ambitwistor chiral algebra’s Quantum consistency < field
equs!



Summary

e Construction of ambitwistor space as symplectic quotient is
realized via BRST.

¢ Vertex operator descent implements the Penrose transform
for perturbations.

¢ Quantum consistency Q2 = 0 encodes field equations.
Oulook:

¢ Are other Penrose transforms implemented by BRST?

¢ Can we find ambitwistor string field theory?

® e.g., as a Costello-Li twisted supergravity in A?

e Twisted holography in ambitwistor space?



The end

Thank You



