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All models are wrong. . .

In his 1976 paper on scientific method, Box claims that statistical models are never
more than approximations.

The paper alludes to the idealisation or deliberate falsehood of statistical models.
So models are not factive.



Truth-aptness of models
Can we interpret models as propositions capable of being true? I develop this idea
and clarify some debates in statistical methodology with it.

• Presenting statistical models as propositions allows us to interpret probability
assignments over models.

• We can deploy the formal semantics of statistical models to spell out Bayesian
statistics as a specimen of logic.

• Ideas from this semantics can be used to specify when statistical models are
true, in the sense of corresponding to the world.



“Probability does not exist”
We need not endorse a fully developed metaphysics of chance to reap these con-
ceptual benefits.

The truth of statistical models ultimately resides in their usefulness.
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1 Popper’s problem

In a recent paper, van Bork et al. review the responses to Popper’s problem on
statistical model evaluation.

Can we prefer a nested statistical model over the statistical encompassing it? This
seems to violate basic probability axioms.



A mereological response
Mathematical sets come for free. The probabilistic incoherence can be avoided by
a simple model duplication.

The problem is interpretative: can we view such models as expressing different
matters of fact?



Coin factories
We can make intuitive sense of such a duplicated statistical model if the priors
themselves are based on frequencies.

But what if we are tossing a single, unique coin? Can we make sense of the truth
of an expectation?



2 Frequentist Bayesianism

Following ideas of von Mises, we can represent statistical hypotheses as tail events
in a σ-algebra of observation sequences.

In their seminal 1986 paper, Gaifman and Snir develop this idea into a “rich lan-
guage” that includes chance propositions.



Probabilities over chance propositions
By Carathéodory’s extension theorem, a probability assignment over observation
sequences is automatically an assignment over statistical hypotheses, P(Hθ).
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After adopting the above semantics for hypotheses, we can claim: if you are a
frequentist, you are a Bayesian too!



3 Conceptual benefits

Using this semantics, we can draw a parallel between logical completeness and the
convergence theorems for Bayesian inference.

• A logic is complete precisely when, if a proposition is true, it can be proven by
the inference rules of the logic.

• The convergence results show that, if a statistical hypothesis in the model is
true, its posterior probability will converge to 1.

Notice that the theorems do not establish soundness, and that the observations
have to “separate” the model.



De Finetti’s representation theorem
Also, assuming the formal semantics, the representation theorems of De Finetti can
be understood as reduction axioms.

• In logic a reduction axiom relates a complex expression to composites of more
basic expressions.

• The representation theorems show that there is a correspondence between
direct prediction rules and predictions from a statistical model.

Statistical hypotheses are theoretical terms that allow us to express inductive as-
sumptions more economically.



4 Real chances?

We have located chances within the epistemic domain, as part of a formal seman-
tics for statistical inference.

What about chances as pertaining to the world out there? Can we give chance a
realist interpretation?



Deterministic systems
A central problem for physical probability is the reference class problem: different
descriptions of an event lead to different chances.

Chances thus become perspectival, and ultimately epistemic: they result from a
lack of information on deterministic states.



Arbitrary functions
We can give an objective motivation for a certain perspective, relying on Hopf’s
method of arbitrary functions.

This idea can be developed further using ideas from the frequentist semantics of
statistical hypotheses.



Radical multiple realizability
The key idea is a radical form of multiple realizability: some propositions principally
resist translation to a different theoretical level.

More precisely, conditioning on micro-level sets cannot alter the macro-level prob-
ability of a proposition.



Relation to fractals?
The radical multiple realizability rests on the infinite intricacy of the event S in
relation to the refinements of X .

Fractals provide an illustration of such infinitely intricate sets. Notice that such sets
can be constructed through a very simple mechanical procedure.



5 Randomness and robustness

An event S is random relative to some algebra X iff for all refinements X from this
algebra we have

P(S|R ∩ X) = P(S|R).

We call the resulting probability assignment robust (cf. Lewis and Skyrms): adding
further information from X to a reference class R does not refine or alter the
chances for S.



Using ideas from frequentism
We can provide a formal underpinning of robustness by relying on ideas from fre-
quentism. Recall the relative frequency of a place selection  on sequence s:

F(s;) = lim
n→∞

nt=1s(t)(t)

nt=1(t)
.

The sequence s is random relative to selection rules X if for all  ∈ X we have:

F(s) = F(s;).

We might say that the set of sequences X contains “no information” about the
original sequence s.



Autonomous chances
The ultimate version of robustness has the event S distributed uniformly over the
space X. Consider the σ-algebra X generated by

B[, δ] = {′ : ′ ∈ (,  + δ)}

where the δ can be arbitrarily small, and stipulate that

P(S|B[, δ]) = P(S).

That is, no amount of fine-graining will offer additional information on the event S,
making the chances fully robust or autonomous.



Fully random set: example
We can construct such a random set by employing Von Mises’ notion of place
selections in a simple ergodic system. Consider a set R consisting of elements
Rt = 2t R(0) mod 1 ,

where R(0) ∈ [0,1] is the starting position generating the set. For a given initial
state R(0), we label all the points R(t) by 0 if R(t− 1) ≤ 1/2 and by 1 if R(t− 1) > 1/2.
The set of points labelled 1 we call S.



Autonomous chance: example
Assuming that R(0) is a collective with a relative frequency σ, the limiting relative
frequency of points of S within R is

P(S|R) = σ.

The set R is dense everywhere in [0,1]. Moreover, for any interval X ⊂ [0,1],
however small, we have

P(S|R ∩ X) = P(S|R).

But every point  in the space X, or in the class R, is or is not a member of S so we
do not violate determinism.



True chance propositions
We call a chance proposition P(S|R) true if it is autonomous in the above sense.
Notice:

• There are many variations on the randomness of the event S depending on
the details of the algebra X . This is formally equivalent to the randomness of
sequences in Von Mises’ Kollektivs.

• It seems that a natural line is drawn by the algebra XSchnorr corresponding to
“Schnorr randomness”: whether or not a point  is a member of an element
X ∈ X must be computable.

• This allows that the random events S and R are constructed by an effective
procedure.



6 True models

A statistical model is true if one of its hypotheses describes chances that are suffi-
ciently robust for the target system.

• This explains what the aim of statistical model selection is: to find the partition
R for which the P(S|R) are autonomous.

• Nothing guarantees that random events, like S in R, actually obtain. The
foregoing offers an extreme case of autonomous chance but the reality of
chances may fall short of this.

• The autonomy of chance is relative to the algebra X , which is contextually
determined.



Usefulness
Recall that, by De Finetti’s representation theorem, statistical hypotheses offer a
useful access to predictions of observations.

Eventually the model is true if the predictions generated by it converge towards
robust and optimal probabilities.



Semantics for hierarchical Bayes?
It seems that we cannot claim truth-aptness for hierarchical statistical models in
the sense of correspondence.

However, we can still claim they are truth-apt in a pragmatic sense, insofar as they
assist in making optimal predictions.



Thanks for your attention

Slides of the talk will be available at romeijn.web.rug.nl. For comments and ques-
tions, email j.w.romeijn@rug.nl.

http://romeijn.web.rug.nl
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