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Multi-qubit system

Transformations

Von Neumann Algebras (type I, finite dimension)

Observables
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Von Neumann Algebras (type I)
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Von Neumann Algebras (type I)
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What happens with infinite qubits?

Naively, leads to a troublesomely infinite vector space

See Witten’s 2018 Review Article, Araki-Woods 1968

Less naively, it leads to higher von Neumann algebra types
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Repeat
Infinitely

Maximally Entangled

Hyperfinite II
1

...
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Hyperfinite II
1III
ƛ

Repeat
Infinitely

Not Maximally Entangled

...
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Hyperfinite II
1III
1

“Tail” state cycles between states

...
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Many types of infinite-dimensional vN algebras

No (semifinite) trace
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relative modular operatorrelative Tomita operator

Relative Entropy in General von Neumann Algebras
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relative modular operatorrelative Tomita operator

Relative Entropy in General von Neumann Algebras
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Strong Subadditivity
(Lieb & Ruskai 1973)
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Strong Subadditivity

Holographic Version from Headrick & Takayanagi, 2007

A B

Minimal Surfaces for AC & BC are... ...non-minimal for ABC, C.

C

(Lieb & Ruskai 1973)

High energy use of entropy inequalities motivate recovery maps in type III
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Strong Subadditivity
(Lieb & Ruskai 1973)
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Recall Data Processing, Recovery
(Lindblad 1975), (Petz 1986 & 1988), (Fawzi & Renner 2015), (Wilde 2015), (Junge et al. 2018), (Carlen & Vershynina 2020)...
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Recall Data Processing, Recovery

Generalized to von Neumann algebras in 2020 (Gao & Wilde)

(Lindblad 1975), (Petz 1986 & 1988), (Fawzi & Renner 2015), (Wilde 2015), (Junge et al. 2018), (Carlen & Vershynina 2020)...
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Recall Data Processing, Recovery

Generalized to von Neumann algebras in 2020 (Faulkner, Hollands, Swingle & Wang; Junge & L)

(Lindblad 1975), (Petz 1986 & 1988), (Fawzi & Renner 2015), (Wilde 2015), (Junge et al. 2018), (Carlen & Vershynina 2020)...
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(Golden-Thompson inequality)

Trace inequalities often become quantum (noncommutative) 
replacements for functional calculus of (classical) info theory.
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(Generalized Golden-Thompson inequality from Sutter, Berta, & Tomamichel 2017)
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Recall Data Processing, Recovery

(via the generalized Golden-Thompson inequality of Sutter, Berta & Tomamichel)

(Lindblad 1975), (Petz 1986 & 1988), (Fawzi & Renner 2015), (Wilde 2015), (Junge et al. 2018), (Carlen & Vershynina 2020)...
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What happens without a (semifinite) trace?
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What happens without a (semifinite) trace?

It will still work.

(but we need more even to make sense of it)
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Haagerup L
p
 Spaces

(Haagerup, Junge, Xu 2008)
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Kosaki L
p
 Spaces

(Kosaki 1984)
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See (Audenaert & Datta 2015)
Subsumes sandwiched, Petz-Rényi forms
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Kosaki L
p
 SpacesHaagerup L

p
 Spaces

Intuitive Connection...

Can yield usual p-norms if original algebra had finite trace
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Haagerup Reduction
(Haagerup, Junge, Xu 2008)
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Theorems
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Theorems
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Theorem: Recovery & p-Fidelity

Subsumes recovery from (Junge et al. 2018)

Also yields forms of “nonlinear” recovery for p ≠ 1
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Recovery Via Trace Inequalities

in general von Neumann algebras

● In principle, follows from generalized Golden-Thompson
● In practice, many subtle continuity issues
● Easier: Golden-Thompson in type II1 + Haagerup reduction
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Theorem
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Conclusions

in general von Neumann algebras

Multivariate trace inequalities extend to Kosaki or Haagerup
norm inequalities
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