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MOTIVATION AND BACKGROUND

In the past few decades, one of the triumphs in the domain of quantum information theory has been the
characterization of quantum many-body systems using information-theoretic methods. The advancements
have enabled rigorous analysis of various heuristic classical and quantum algorithms, such as the Density
Matrix Renormalization Group algorithm [1, 2]. Much of this success has come from the informationtheoretic characterization of the correlations present between quantum systems. Motivated by this idea,
the fundamental question answered in this study is the following: How much information is shared
between two complementary parts of a system? This simple problem has received significant interest from
researchers from various backgrounds, since it is closely related to the quest for efficient algorithms to
simulate physical systems. Answers have, in many instances, established profound connections between
information theory, computer science, and physics.
The amount of the information in quantum states is measured in terms of various quantities (e.g.,
entanglement entropy, mutual information, entanglement of purification, etc.). One of the most famous
examples is the area law of the entanglement entropy in non-critical ground states [3, 4]. It argues
that when we decompose a total system into two subsystems, the shared information is proportional to
the boundary area of the subregion. Despite the extensive studies that have been conducted over the
past twenty years, a rigorous proof remains completely open beyond 1D quantum systems. On the other
hand, the area law in thermal equilibrium (hereafter referred to as the thermal area law) has been already
established in a much simpler manner, in 2008 [5]. This work shows that the mutual information between
two subsystems L and R is upper-bounded by the boundary area |∂L| times the inverse temperature
β, namely β|∂L|. This suggests that the non-local quantum effect increases linearly with the inverse
temperature β. The result was expected to be tight as it seems to be physically natural and consistent
with the theory of belief propagation [6] which argues the quantum non-locality spreads over a distance
of O(β) at finite temperatures. Subsequent studies [7–9] have also shown that the time complexity
of preparing a classical description of 1D thermal states on n spins is bounded by nO(β) . The linear
dependence of the exponent on β is thus consistent with that of the area law β|∂L|. This highlights the
very close connection between area laws and algorithms for many-body systems.
II.

SUMMARY OF MAIN RESULTS AND APPLICATIONS

Improved thermal area law.— In this work, we establish a new area law for mutual information in
arbitrary quantum Gibbs states, which defies the intuition stemming out of most previous works. Our
new area law improves the temperature dependence from O(β) to O(β 2/3 ).
Theorem 1. For an arbitrary cut Λ = L ∪ R, the mutual information Iβ (L : R) is upper-bounded by




I(L : R)ρβ ≤ Cβ 2/3 |∂Λ| log2/3 (|∂Λ|) + log(β) ,

(1)

where C is a constant of O(1). In particular, for one-dimensional systems (|∂Λ| = 1), we have
I(L : R)ρβ ≤ Cβ 2/3 log(β) = Õ(β 2/3 ).

(2)

The central technical aspects of our study are a refined polynomial approximation of the exponential
function and a Schmidt rank analysis of the polynomials of Hamiltonian. These enable powerful ideas
from approximation theory to be used for studying quantum Gibbs states. Our techniques also allow us
to put bounds on other measures of correlations, namely:
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• The so-called Renyi entanglement of purification [10, 11], which we show is bounded by


Ep,α (ρ) ≤ C̃0 max β 2/3 log(β),

β
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log
α
α

 

(3)

,

where C̃0 is an O(1) constant.
• Convex combination of matrix product states [12] (which has been linked to the success of certain
Λ
algorithms for non-equilibrium dynamics [13]). That is, there exists a set of MPS {|Mi i}D
i=1 (DΛ :
total Hilbert space dimension) with bond dimension D such that
ρβ −
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X
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At the conceptual level, our result identifies a fundamental difference between imaginary time evolution
and real time evolution. Based on the well-known small-incremental-entangling theorem [14–17], the
entropy production via real time evolution is proportional to time. On the other hand, our result implies
that the entropy production via imaginary time evolution is sublinear in imaginary time, thus spreading
in a sub-ballistic fashion. In experimental level, imaginary time evolution has been realized using the
Noisy Intermediate Scale Quantum (NISQ) device [20, 21]. Our result suggests the possibility of the
behavior of the imaginary time evolution being more “spooky” than ever considered, which is of interest
both in theoretical and experimental studies. We partially explain this point by focusing on the fact that
imaginary time evolution has a strong relationship with random walks. In fact, this random walk aspect
is a key ingredient in the polynomial approximations used here (see Sec. III).
To summarize our contribution, we shed light on the new fundamental problem of “what is the critical
γc for establishing the thermal area law scaling of β γc in generic quantum many-body systems.” We expect
future studies to further pursue the value of γc (which we conjecture to be 1/2) and also, consequently,
obtain better approximation algorithms. Importantly, the improvement cannot be below 1/5, which we
show by providing an explicit family of examples [22]. Our work shows that the established thermal area
law, which had been believed to be tight, can in fact be improved. This shows that previous intuitions on
this subject may have been incomplete, and that there is a deeper structure that warrants exploration.
We expect this pursuit will contribute to our better understanding of the structure an simulation of
quantum thermal states, which are of the greatest importance to both quantum condensed matter and
quantum simulation and computation.
Quasi-linear time algorithm for 1D quantum Gibbs state.— The improved area law is not only a topic of
fundamental interest but also offers various practical applications for qualitatively improving important
established results. Most importantly, in the computation of 1D quantum Gibbs states at arbitrary
temperatures, our result achieves the first improvement from polynomial time complexity to quasi-linear
time complexity, consistent with what is expected from heuristic algorithms. Thus far, there was no
rigorous proof for a quasi-linear scaling of such an algorithm. The approach is based on approximations
of thermal states with MPOs. The result is as follows.
Theorem 2. For arbitrary β, we can efficiently compute a matrix product operator Mβ which approxi−βH k ( ≤ 1) where the bond dimension of M is given
mates e−βH in the sense that kMh β −e−βH k1 ≤ ke
1
β
i
p
by exp(Q ) with Q := C max β, β log(n/) log[β log(n/)] (C: constant). Also, the computational
time to calculate Mβ is nβ exp(Q ). When β . log(n/) and  = 1/poly(n), the time complexity is
quasi-linear with respect to the system size n:


n exp Õ

q

β log(n)



.

(5)

√
With our technique, we can also obtain the quasi-linear time complexity neÕ(|t|)+Õ( |t| log n) for the
simulation of real time evolution eiHt , which is better than the existing result [18] for t = o(log(n)).
This is the first rigorous algorithmic result in many-body physics that achieves a runtime close to
that of practical (but heuristic) methods, such as TEBD or METTS. This algorithm, which can be
considered as the imaginary-time version of [23], converges in quasi-linear time, a scaling that matches
the performance of some of the leading numerical techniques.
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III.

KEY TECHNIQUES

Improved thermal area law implies that the entanglement generation rate is sublinear with the imaginary time. So, it also indicates that the imaginary time evolution inherently induces a sub-ballistic
propagation of entanglement. In order to rigorously justify it, we utilize the polynomial expansion by
Sachdeva and Vishnori [19]. The point of their analysis is expanding of the exponential function e−x
P
(x ∈ [0, b]) by using the Chebyshev polynomials: e−x = ∞
rb =−∞ P (rb )Trb (y), where x = b(1 + y)/2
(y ∈ [−1, 1]) and Tr is the rth order Chebyshev polynomial. Here, the√coefficient P (rb ) is constructed
from the b-step random walk and is strongly concentrated around rb ≈ b (see Eq. (17) in the technical
paper). In applying it to the quantum Gibbs state, we choose
x√as βH and b is equal to the norm of βH,
√
which is as large as βn. However, the polynomial degree b ≈ βn is still too large. For the proof of the
improved thermal area law, we need a combinatorial approach from several techniques (Lemmas 13, 14, 15
and 16 in the technical paper) such as the quantum belief propagation [6], connection of approximations
by general Schatten-p norms [8], refined Schmidt rank estimations [24, 25] and so on.
Finally, we will show the essential idea to obtain the quasi-linear time algorithm (Theorem 2). Our
method is similar to the Haah-Hastings-Kohtari-Low algorithm [23]. The key technique therein is the
block decomposition of the unitary time operator based on the Lieb-Robinson bound [26]. We adopt
a similar idea for the quantum Gibbs state. We first decompose the Gibbs state to the pieces of hightemperature Gibbs state e−β0 H , namely e−βH = (e−β0 H )β/β0 . Here, the inverse temperature β0 is sufficiently small such that the imaginary-time Lieb-Robinson bound exists. Furthermore, we approximate
the quantum Gibbs state of e−β0 H by using a product of appropriate polynomials (Fig. 1):
e−β0 H ≈ Mβ0 =

n
Y

Tm (β0 Hj−1 )Tm (−β0 (Hj−1 + Hj )),

j=1

where the system is decomposed into blocks of length l0 = O(log(n/)), Hj is the Hamiltonian in the
P
m
jth block, and Tm (x) = m
s=0 x /m! is the truncated Taylor expansion of order m = O(log(n/)). Now,
the approximation error is estimated by using the imaginary-time Lieb-Robinson bound, and the bond
dimension of Mβ0 is derived by using the technique in Ref. [24] (see Proposition 4 and Lemma 5 in the
technical paper, respectively). By combining these analyses, we can achieve the desired time complexity.

FIG. 1. Our algorithm proceeds by iterated approximations of e−β0 H , performed β/β0 times. In each step, we
approximate the Gibbs operator e−β0 H by the operator Mβ0 . For this, we establish a decomposition of e−β0 H as
a product of operators shown on the right-hand side. This uses an imaginary-time version of the Lieb-Robinson
bound and the Taylor truncation of the exponential function.

4
REFERENCES
[1] Z. Landau, U. Vazirani, and T. Vidick, A polynomial time algorithm for the ground state of one-dimensional
gapped local Hamiltonians, Nature Physics 11, 566 (2015).
[2] I. Arad, Z. Landau, U. Vazirani, and T. Vidick, Rigorous RG Algorithms and Area Laws for Low Energy
Eigenstates in 1D, Communications in Mathematical Physics 356, 65 (2017).
[3] M. B. Hastings, An area law for one-dimensional quantum systems, Journal of Statistical Mechanics: Theory
and Experiment 2007, P08024 (2007).
[4] J. Eisert, M. Cramer, and M. B. Plenio, Colloquium: Area laws for the entanglement entropy, Rev. Mod. Phys.
82, 277 (2010).
[5] M. M. Wolf, F. Verstraete, M. B. Hastings, and J. I. Cirac, Area Laws in Quantum Systems: Mutual Information and Correlations, Phys. Rev. Lett. 100, 070502 (2008).
[6] M. B. Hastings, Quantum belief propagation: An algorithm for thermal quantum systems, Phys. Rev. B 76,
201102 (2007).
[7] M. B. Hastings, Solving gapped Hamiltonians locally, Phys. Rev. B 73, 085115 (2006).
[8] A. Molnar, N. Schuch, F. Verstraete, and J. I. Cirac, Approximating Gibbs states of local Hamiltonians efficiently with projected entangled pair states, Phys. Rev. B 91, 045138 (2015).
[9] M. Kliesch, C. Gogolin, M. J. Kastoryano, A. Riera, and J. Eisert, Locality of Temperature, Phys. Rev. X 4,
031019 (2014).
[10] B. M. Terhal, M. Horodecki, D. W. Leung, and D. P. DiVincenzo, The entanglement of purification, Journal
of Mathematical Physics 43, 4286 (2002), https://doi.org/10.1063/1.1498001.
[11] J. c. v. Guth Jarkovský, A. Molnár, N. Schuch, and J. I. Cirac, Efficient Description of Many-Body Systems
with Matrix Product Density Operators, PRX Quantum 1, 010304 (2020).
[12] M. Berta, F. G. S. L. Brandão, J. Haegeman, V. B. Scholz, and F. Verstraete, Thermal states as convex
combinations of matrix product states, Phys. Rev. B 98, 235154 (2018).
[13] E. Leviatan, F. Pollmann, J. H. Bardarson, D. A. Huse, and E. Altman, Quantum thermalization dynamics
with Matrix-Product States (2017), arXiv:1702.08894 [cond-mat.stat-mech].
[14] S. Bravyi, Upper bounds on entangling rates of bipartite Hamiltonians, Phys. Rev. A 76, 052319 (2007).
[15] J. Eisert and T. J. Osborne, General Entanglement Scaling Laws from Time Evolution, Phys. Rev. Lett. 97,
150404 (2006).
[16] K. Van Acoleyen, M. Mariën, and F. Verstraete, Entanglement Rates and Area Laws, Phys. Rev. Lett. 111,
170501 (2013).
[17] M. Mariën, K. M. R. Audenaert, K. Van Acoleyen, and F. Verstraete, Entanglement Rates and the Stability
of the Area Law for the Entanglement Entropy, Communications in Mathematical Physics 346, 35 (2016).
[18] T. J. Osborne, Efficient Approximation of the Dynamics of One-Dimensional Quantum Spin Systems, Phys.
Rev. Lett. 97, 157202 (2006).
[19] S. Sachdeva and N. K. Vishnoi, Faster Algorithms via Approximation Theory, Foundations and Trends® in
Theoretical Computer Science 9, 125 (2014).
[20] S. McArdle, T. Jones, S. Endo, Y. Li, S. C. Benjamin, and X. Yuan, Variational ansatz-based quantum
simulation of imaginary time evolution, npj Quantum Information 5, 75 (2019).
[21] M. Motta, C. Sun, A. T. Tan, M. J. O’Rourke, E. Ye, A. J. Minnich, F. G. Brandão, and G. K.-L. Chan,
Determining eigenstates and thermal states on a quantum computer using quantum imaginary time evolution,
Nature Physics 16, 205 (2020).
[22] D. Gottesman and M. B. Hastings, Entanglement versus gap for one-dimensional spin systems, New Journal
of Physics 12, 025002 (2010).
[23] J. Haah, M. Hastings, R. Kothari, and G. H. Low, Quantum Algorithm for Simulating Real Time Evolution of
Lattice Hamiltonians, in 2018 IEEE 59th Annual Symposium on Foundations of Computer Science (FOCS)
(2018) pp. 350–360.
[24] I. Arad, A. Kitaev, Z. Landau, and U. Vazirani, An area law and sub-exponential algorithm for 1D systems,
arXiv preprint arXiv:1301.1162 (2013), arXiv:1301.1162.
[25] A. Anshu, I. Arad, and D. Gosset, Entanglement Subvolume Law for 2d Frustration-Free Spin Systems,
in Proceedings of the 52nd Annual ACM SIGACT Symposium on Theory of Computing, STOC 2020 (Association for Computing Machinery, New York, NY, USA, 2020) p. 868–874.
[26] E. Lieb and D. Robinson, The finite group velocity of quantum spin systems, Communications in Mathematical
Physics 28, 251 (1972).

