Quantum Algorithms for Escaping from Saddle Points
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We initiate the study of quantum algorithms for escaping from saddle points with provable guarantee.
Given a function f : Rn → R, our quantum algorithm outputs an -approximate local minimum using
Õ(log2 n/1.75 )1 queries to the quantum evaluation oracle (i.e., the zeroth-order oracle). Compared to
the classical state-of-the-art algorithm by Jin et al. with Õ(log6 n/1.75 ) queries to the gradient oracle
(i.e., the first-order oracle), our quantum algorithm is polynomially better in terms of n and matches
its complexity in terms of 1/. Our quantum algorithm is built upon two techniques: First, we replace
the classical perturbations in gradient descent methods by simulating quantum wave equations, which
constitutes the polynomial speedup in n for escaping from saddle points. Second, we show how to
use a quantum gradient computation algorithm due to Jordan to replace the classical gradient queries in
nonconvex optimization by quantum evaluation queries with the same complexity, extending the same
result from convex optimization due to van Apeldoorn et al. and Chakrabarti et al. Finally, we also
perform numerical experiments that support our quantum speedup.

Motivations. Nonconvex optimization has been a central research topic in optimization theory in the past
decade, mainly because the loss functions in many machine learning models (including neural networks)
are typically nonconvex. However, finding the global optima of a nonconvex function is NP-hard in general.
Instead, many theoretical works focus on finding local optima, since there are landscape results suggesting
that local optima are nearly as good as the global optima for many learning problems (see e.g. [5, 19–
22, 25]). On the other hand, it is known that saddle points (and local maxima) can give highly suboptimal
solutions in many problems; see e.g. [26, 35]. Furthermore, saddle points are ubiquitous in high-dimensional
nonconvex optimization problems [8, 15, 17].
Therefore, one of the most important problems in nonconvex optimization theory is to escape from
saddle points. Suppose we have a twice-differentiable function f : Rn → R such that
• f is `-smooth: k∇f (x1 ) − ∇f (x2 )k ≤ `kx1 − x2 k

∀ x 1 , x 2 ∈ Rn ,

• f is ρ-Hessian Lipschitz: k∇2 f (x1 ) − ∇2 f (x2 )k ≤ ρkx1 − x2 k

∀ x1 , x2 ∈ R n ;

the goal is to find an -approximate local minimum x such that2
k∇f (x )k ≤ ,

√
λmin (∇2 f (x )) ≥ − ρ.

(1)

There have been two main considerations on designing algorithms for escaping from saddle points. First,
algorithms with good performance in practice are typically dimension-free or almost dimension-free (i.e.,
having poly(log n) dependence), especially considering that most machine learning models in the real world
have enormous dimensions. Second, practical algorithms prefer simple oracle access to the nonconvex
function. If we are given a Hessian oracle of f , which takes x as the input and outputs ∇2 f (x), we can find
an -approximate local minimum by second-order methods; for instance, Ref. [33] takes O(1/1.5 ) queries.
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The Õ notation omits poly-logarithmic terms, i.e., Õ(g) = O(g poly(log g)).
In general, we can ask for an (1 , 2 )-approximate local minimum x such that k∇f (x)k ≤ 1 and λmin (∇2 f (x)) ≥ −2 .
The scaling in (1) was first adopted by [33] and has been taken as a standard by subsequent works (e.g. [1, 9, 16, 27–29, 38–40]).
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However, because the Hessian is an n × n matrix, its construction takes Ω(n2 ) cost in general. Therefore, it
has become a notable interest to escape from saddle points using simpler oracles.
A seminal work along this line was by Ge et al. [19], which can find an -approximate local minimum
satisfying (1) only using the first-order oracle, i.e., gradients. Although this paper has a poly(n) dependence
in the query complexity of the oracle, the follow-up work [27] can make it almost dimension-free with
complexity Õ(log4 n/2 ), and the state-of-the-art result takes Õ(log6 n/1.75 ) queries [29]. However, these
results suffer from a significant overhead in terms of log n, and it has been an open question to keep both
the merits of using only the first-order oracle as well as being close to dimension-free [30].
In this paper, we explore quantum algorithms for escaping from saddle points. This is a mutual generalization of both classical and quantum algorithms for optimization:
• For quantum computing, the vast majority of previous quantum optimization algorithms had been devoted
to convex optimization with the focuses on semidefinite programs [2, 3, 6, 7, 32] and general convex
√
optimization [4, 10]; these results have at least a n dependence in their complexities, and their quantum
algorithms are far from dimension-free methods. Up to now, little is known about quantum algorithms
for nonconvex optimization.
However, there are inspirations that quantum speedups in nonconvex scenarios can potentially be more
significant than convex scenarios. In particular, quantum tunneling is a phenomenon in quantum mechanics where the wave function of a quantum particle can tunnel through a potential barrier and appear on
the other side with significant probability. This very much resembles escaping from poor landscapes in
nonconvex optimization. Moreover, quantum algorithms motivated by quantum tunneling will be essentially different from those motivated by the Grover search [24], and will demonstrate significant novelty
if the quantum speedup compared to the classical counterparts is more than quadratic.
• For classical optimization theory, since many classical optimization methods are physics-motivated, including Nesterov’s momentum-based methods [34], stochastic gradient Langevin dynamics [41] or Hamiltonian Monte Carlo [18], etc., the elevation from classical mechanics to quantum mechanics can potentially bring more observations on designing fast quantum-inspired classical algorithms. In fact, quantuminspired classical machine learning algorithms have been an emerging topic in theoretical computer science [11–13, 23, 36, 37], and it is worthwhile to explore relevant classical algorithms for optimization.
Contributions. Our main contribution is a quantum algorithm that finds an -approximate local minimum
with polynomial quantum speedup in n compared to the classical state-of-the-art result [29] using the gradient oracle (the first-order oracle). Furthermore, our quantum algorithm only takes queries to the quantum
evaluation oracle (the zeroth-order oracle), which is defined as a unitary map Uf on Rn ⊗ R such that
Uf |xi|0i = |xi|f (x)i

∀x ∈ Rn .

(2)

Note that if the classical evaluation oracle can be implemented by explicit arithmetic circuits, the quantum
evaluation oracle in (2) can be implemented by quantum arithmetic circuits of the same size up to polylogarithmic factors. As a result, it has been the standard assumption in previous literature on quantum
algorithms for convex optimization [4, 10], and we subsequently adopt it here for nonconvex optimization.
Theorem 1 (Main result, informal). There is a quantum algorithm that finds an -approximate local minimum satisfying (1), using Õ(log2 n/1.75 ) queries to the quantum evaluation oracle (2).
Technically, our work is inspired by both the perturbed gradient descent (PGD) algorithm in [27, 28]
and the perturbed accelerated gradient descent (PAGD) algorithm in [29]. To be more specific, PGD applies
gradient descent iteratively until it reaches a point with small gradient. It can potentially be a saddle point, so
PGD applies uniform perturbation in a small ball centered at that point and then continues the GD iterations.
It can be shown that with an appropriate choice of the radius, PGD can shake the point off from the saddle
2
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Queries
O(1/1.5 )
Õ(log n/1.75 )
Õ(log4 n/2 )
Õ(log6 n/1.75 )

Oracle
Hessian
Hessian-vector product
Gradient
Gradient

this work

Õ(log2 n/1.75 )

Quantum evaluation

Table 1: A summary of the state-of-the-art works on finding an approximate local minimum using different oracles.
The query complexities are highlighted in terms of the dimension n and the error .

and converge to a local minimum with high probability. The PAGD in [29] adopts the similar perturbation
idea, but the GD is replaced by Nesterov’s AGD [34].
Our quantum algorithm is built upon PGD and PAGD and shares their simplicity of being single-loop,
but we propose two main modifications. On the one hand, for the perturbation steps for escaping from
saddle points, we replace the uniform perturbation by evolving a quantum wave function governed by
the Schrödinger equation and using the measurement outcome as the perturbed result. Intuitively, the
Schrödinger equation is able to screen the local geometry of a saddle point through wave interference,
which results in a phenomenon that the wave packet disperses rapidly along the directions with significant
function value decrease. Specifically, quantum mechanics finds the negative curvature directions more efficiently than the classical counterpart: for a constant , the classical PGD takes O(log n) steps to decrease
the function value by Ω(1/ log3 n) with high probability, and the PAGD takes O(log n) steps to decrease
the function value by Ω(1/ log5 n) with high probability. Quantumly, the simulation of the Schrödinger
equation for time t takes Õ(t log n) evaluation queries, but simulation for time t = O(log n) and O(log n)
subsequent GD iterations suffice to decrease the function value by Ω(1) with high probability. This is summarized as Table 2 below. In addition, our quantum algorithm is classical-quantum hybrid: the transition
between consecutive iterations is still classical, while the only quantum computing part happens in each
iteration for replacing the classical uniform perturbation.
Perturbation
Classical
Quantum

Uniform in ball
Quantum simulation

# iterations/
simulation time
O(log n)
O(log n)

Function
decrease
Ω(1/ log5 n)
Ω(1)

Queries in
each iteration/unit time
1
Õ(log n)

Table 2: A detailed comparison between our result and the classical state-of-the-art result [29], assuming  = Θ(1).

On the other hand, for the gradient descent steps, we replace them by a quantum algorithm for computing
gradients using also quantum evaluation queries. The idea was initiated by Jordan [31] who computed the
gradient at a point by applying the quantum Fourier transform on a mesh near the point. Prior arts have
shown how to apply Jordan’s algorithm for convex optimization [4, 10], and we conduct a detailed analysis
showing how in nonconvex optimization we can replace classical gradient queries by the same number of
quantum evaluation queries. Technically, we essentially show the robustness of escaping from saddle points
by PGD, which may be of independent interest.
Finally, we perform numerical experiments that support our quantum speedup. Specifically, we observe
the dispersion of quantum wave packets along the negative curvature direction in various landscapes. In a
comparative study, our PGD with quantum simulation outperforms the classical PGD with a higher probability of escaping from saddle points and fewer iteration steps. We also compare the dimension dependence
of classical and quantum algorithms in a model question with dimensions varying from 10 to 1000, and our
quantum algorithm achieves a better dimension scaling overall.
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