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Problem Statement

Let C be a geometrically local, lalepth AGoal: Compute th;e quantity
(logarithmic depth) quantum circuit acting | (x| C|0%") | L.
on n qubits.

(x| AWhat is the classical complexi

of approximating | (x| C|0®") |2

— — to additiveerrory e
-0 D 01
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Let C be a 2D geometrically local, idepth
(logarithmic depth) quantum circuit acting

on n qubits.

Depth {
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AGoal: Compute the quantity
‘ (x\ C ‘0®n> ‘2 T €.

AWhat is the time complexity of
approximating | (x| C|0%") |2
to additiveerrory ?

A2-Dimensional Case.

AMust s_olve_worst—caseover
such circuits.

AArbitrary 2qubit gates allowed



Problem Statement

Let C be a 3D geometrically local, idepth
(logarithmic depth) quantum circuit acting
on n qubits.

-----

Depth { Use your imagination.

AGoal: Compute the quantity
‘ (x| C |0®n> ‘2 T €.

AWhat is the time complexity of
approximating | (x| C [0®") |2 to
additiveerrorj ?

A 3-Dimensional Case.

AMust solveworst-caseover such
clrcuits.

A Arbitrary 2qubit gates allowed.



Motivation. Compute the quantity

Let C be a geometrically local, lalepth | (x| C|0%") |? Le.
(logarithmic depth) quantum circuit acting
on n qubits.

AWhy should we care about this
task?

AWhenj ¢ " this task igtP-
Hard [Movassagh40

ASd parametrizes difficulty.

ASo, can only hope to solve
efficiently wherf 1 ¢

'''''



Motivation
AGoal: Compute the quantity

Let C be a geometrically local, lalgpth (x| C 0% |2 €.

(logarithmic depth) quantum circuit acting |

on n qubits. AWhy should we care about this
task forf x ?

s N

ARelevant for classically
simulating some hybrid
guantum algorithms.

AQuantum circuit C composed
with some classical post
processing.




Motivation

AGoal: Compute the quantity

Let C be a geometrically local, lalgpth (x| C 0% |2 €.
(logarithmic depth) quantum circuit acting |
on n qubits. AWhy should we care about this
task forj X ?

— AOur algorithm can estimate this
— output bit when
— A0 =AND
| C | (0%1] X®nC |0%7) |2 €.
] AG =0OR
- 1—|(0%" C|0%") |? +e.
] AU =XOR

A Y

WLOG can focus on | (0%"| C [09") |2 L€, since | (x| C [09") |* = | (0%"|TT; X C |0%™) |2,

| <0®”‘ Cz®nc+ |0®n> |2 + e



Motivation

AGoal: Compute the quantity

Let C _be a geometrically Iocal,_ kdgpth | | <O®n’ C |0®n> |2 +e
(()I;)gnaghhbrﬂlsc? depth) quantum circuit acting AWhy should we care about this

task for x ?

Ve N\

ACan also estimate:
| (0%"| C(TT; P;)CT 07 |? £ €.
ATechniques: Controlling global

correlations even though
lightconesoverlap!

A Y

WLOG can focus on | (09| C [0%") |2 L€, since | (x| C [09") |2 = | (0®"|[T; X*C [0%") |2.



Background

Let C be a geometrically local, lalepth AGoal: Compute the quantity
(logarithmic depth) quantum circuit acting | (0% C |0®™) |2 L €.
on n qubits.

AWhat is the classical complexi
(x| of approximating | (x| C|0®") |2

— — to additiveerrory e
TR D (S G 0 | G R B G ,
Depth 4 | (00| O |- 00O - AWell known solutions to 1D ca
Q} DI 0| O3 in polytime:

‘O®n> e.g. Matrix Product States.



Background

: AGoal: C te th tit
Let C be a 2D geometrically local, {depth Oal. Lompute the quantii

(logarithmic depth) quantum circuit acting | (09| C|0%") | €.

on n qubits. | | |
AWhat is the time complexity

(x| approximating | (x| C |0%") |2

B e o St to additiveerrorf ?

B e L,:Z_:_ S aa e | APolynomial time solution to

; oy FFrra 5> the 2Dproblem isnon-trivial:

Depth{ | - a1 e 0 ) i 15 > AElegant classical algorithof

- iim i icius> .
P Q%Lj_(l A EaE s TS B P 13 [Bravy] GossetMovassagh

Af -approximation in
poly(n, 1/ ) time.



Background

Let C be a 3D geometrically local, idepth

AGoal: Compute the quantity
‘ <O®n’ C |O®n> |2 T €.

(logarithmic depth) quantum circuit acting

on n qubits.

Depth { Use your imagination.

AWhat is the time complexity of
approximating | (x| C [0%") |2 to
additiveerrorj ?

ATechniques of [BGM20] may be limited
to subbexponential time in the 3D case.

A[Bravyj GossetMovassaghV H n1 6 =
case:

T -approximation inpoly(c 7 , 1/7 ) time.

ACould 3D be drastically more complex
than 2D?



Main Result

. AGivesan inversepolynomial additive
Let C be a 3D geometrically local, degth approximation for any polynomial

gquantum circuit acting on n qubits. (asymptotically.

ASolves worstase circuits.

AAllowsarbitrary 2qubit unitary
gates.

0%n) AWe believe our result will generaliz
to constant dimension D > 3, but w
only prove the 3D case

Theorem. There exists a classical algorithm that approximates the quantity | (x| C [09") |?
to additive error 1/1n°8) for any x € {0,1}" in time nPolylos(m) 4



3D Circuitg A New Approach

AUnable to extend th¢BGM20] algorithmyve are forced to pursue a new
approach.

Aldea:

ALightconesn low-depth geometrically local circuits are local
ASo, it is natural to consider a Dividad-Conquer approach testimating (02"|C [02") .
ABut, how should the division step wark

& & L M R
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—| - (0 - BO0-
- DERERE -8
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3D Circuitg, Divideand-Conquer
L M R

W) sur = (0lp Coumur |0) puaiur = Yoiz1 Ai [0i) g @ [wi) p

LYIF3AYS GKFEG GKA& adlraS KFa Yz2ad 2F A0Qa Y
p(n)
(0aLL| C |0aLL) = (OarL| Crur [0rur) ® |9Bur) & Y Ai (Oarn| Crur [0ur) ® [vi)p @ |wi)p
i=1

P(”)
Ai (0l g CL10); ® i) g - (0] g Cr [0) g @ |wi)
]

I:

The original quantity is close to a sum of a few 3D problems of about half the size!

This looks like the beginnings of Divialed-Conquer.



3D Circuitg, Divideand-Conquer
L M R

‘][‘ |}[

1) sur = (0] p Coumur |0) puniur = Liz1 Ai [0i) g & |wi)

p(n)
(OaLL| C |0aLL) & Z Ai <O’LUB CL|0); ®vi)p - <0|FUR Cr|0)g ® |wi)p
i=1

Two Problems:

1) 2 Ké aKz2dzZ R UKS &adldsS KIFIgS Yz2aa 2

2) We would need to construct the corresponding Schmidt vectors via low
depth, geometrically local guantum circuits. Not clear how to do this.




3D Circuitg, Divideand-Conquer
L M R

1) sur = (0] p Coumur |0) puniur = Liz1 Ai [0i) g & |wi)

Problem #2: How to construct the corresponding Schmidt vectors viaégpah,
geometrically local quantum circuits?

ldea: Use Bloekncodings,

Lemma (Lemma 45 of [GSLW19]). The following is a 2D-local constant-depth
circuit which gives a block encoding for pr = trg(|¢) (| )

(CI-IB.’UMUF X Ip)(IBuM X SWAPI:FI)(CguMUp X Ip)

Traditionally used in quantum algorithms. Here we use them as a subroutine of a clas
algorithm!



3D Circuitg, Divideand-Conquer
L M R

—

JC N
o
1) sur = (0lar CBumuF [0) puniur = Liz1 Ai [0i) g @ |wi) p

Problem #2: How to construct the corresponding Schmidt vectors viadmih,
geometrically local quantum circuits?

ldea: Use Bloekncodings,
That is,

or = tre(|9) (¥|z0r) = Oarr/Fl (Chumur ® Ir) (Isum © SWAPEp ) (Cpumur @ Ipr) [0aLr /)



3D Circuitg, Divideand-Conquer
L M R

1¥) gur = (Olp Coumur [0) pupur = Liz1Ai [0i) g ® |wi)
Problem #2: How to construct the corresponding Schmidt vectors viadmih,
geometrically local quantum circuits?

ldea: Use Bloekncodings,
Furthermore,

or = (tre([9) ($lpue)"

K

= Oarr/el [ I(Chumur ®© In,...5) (Ium © SWAPEE) (Cpumur ® Iy, k) [0aLL/E)
1




3D Circuitg, Divideand-Conquer
L M R

W) sur = 0]y Coumur |0) puniur = Liz1 Ai |0i) g @ |wi) p

Problem #2: How to construct the corresponding Schmidt vectors viadmih,
geometrically local quantum circuits?

or = (tra(|9) (¥lpop))"

K
= (0ar/rl T T(Chumur ® Ik, k) (Isum © SWAPEE) (Cpumur © Iy, 1) [0aLL/ )
i=1

~ v |w1) (w1|p when |A; — Ay| is sufficiently large.




3D Circuitg, Divideand-Conquer
L M R

W) sur = 0]y Coumur |0) puniur = Liz1 Ai |0i) g @ |wi) p

or = (tra(|9) (¥lp p))"

K

= OarL/el T T(Chumur ® I, k) (Isum © SWAPEE) (Cpumur © Iy, 1) [0aLL/F)
i=1

~ v |w1) (w1|p when |A; — Ay| is sufficiently large.

Problem#12 K& &aKz2dzZ R UKS adagldS KIFgS Y2a
coefficient® In particular, why shouldA; — A, even beem?



3D Circuitg, Divideand-Conquer
L M R

—

: *ﬁ e

[¥B,ur) = (0]y Coumur
Problem#12 Ké aK2dzZ R 0KS aialdsS KIF @S Yzal
coefficient® In particular, why shouldA; — A, even beaa?

Assume that (02| C |0%") > 1/nlo8("),

Lemma. In every interval of length log® (1) there are at least log(n) cuts K; sat-
isfying Ay > 3/4.

37
So, A} — Ay > 4\/_:const




—

i *ﬁ e

[we,ur) = (0] Cpumur

Assume that (0%"| C |0%") > 1/n'8("),

Lemma. In every interval of length 10g5(n) there are at least log(n) cuts K; sat-

isfying: |AL —Ah| > =" = const.

4

~ |wr) (wi|p +O((3/4)%)

So, we can find many cuts for which we can construct
largest Schmidt vector with a dept, 2D local quantum
circuit!

3D Circuitg, Divideand-Conquer
L M R

{ K}




3D Circuitg, Divideand-Conquer
L M R

\][\ IH
Recall: ~ ) i |1P>BUP — <0|MCBUMuF|0>BuMUP —Z; Ai|vi)p @ ‘wz)
LYF3IAYS OGKIFIOG GKA&a adlidsS KI Y2aid s

across the division M.
(OarL| C|0aLL) = (OarL|Crur |Orur) ® |UBUE)

p(n) p(n)
~ Y Ai (Oare| Cour [0zur) @ [0i)p @ [wi)p = Y Ai (01,05 CL [0); @ [0i) g - (Olpur Cr 10) & @ |wi)p
= i-1

Problem: We can only construct the top Schmidt vector with a geometrically
local constant depth quantum circuit!



3D Circuitg, Divideand-Conquer
L M R

Recall: |1P>BUP — <0|MCBUMuF |0>BUMUP — Z: Ai |Ul> g ‘wz)

LYF3IAYS OGKIFIO GKA&a adlidsS KI Y2aio
across the division M.

(0arL| C|0arL) = (Oarr|Crur [Orur) ® |¥BUE)

p(n)
~ ) Ai{0arL| CLur [0LuR) ® [0:)p ® [wi) p & Ax (0] CL |0}, @ [01) - (Op g Cr 10) g @ [wi)p £1/4
=1

Problem: We can only construct the top Schmidt vector with a geometrically
local constant depth quantum circuit!

But this results in a constant sized error term sinte=> 3/4.



3D Circuitg Divideand-Conquer

] ) sur = (0] Coumur [0) gupur = Lie1 Ai [0i)p @ [wi)

~ {0aLL| C[0aLL) = A1 {0 up CL10); @ [v1)p - (O] pug Cr [0)g @ [w1)p £1/4

Idea: Instead of cutting at only one slice, which results in % additive error, ¢
Fd YFye at AOSa%E OfydRa AR2ZY eodl a2y

{K;} K;



3D Circuitg Divideand-Conquer

] ) sur = (0] Coumur [0) gupur = Lie1 Ai [0i)p @ [wi)

~ {0aLL| C[0aLL) = A1 {0 up CL10); @ [v1)p - (O] pug Cr [0)g @ [w1)p £1/4

X
|

Idea: Instead of cutting at only one slice, which results in %2 additive error, ¢
Fad YlFye atAOSa%EQfydea ARZ2y codl y Ot dza A 2y

— 27

K Ky, =«

112

K;
Oarrl®r.il0arr)  Oarrn|®ir|0arr)

Pl W A
| [ | g
K, K;
(Oarr| ®i;10aLL)

Z {K} K;




3D Circuitg, Divideand-Conquer

] ) sur = (0] Coumur [0) gupur = Lie1 Ai [0i)p @ [wi)

~ {0aLL| C[0aLL) = A1 {0 up CL10); @ [v1)p - (O] pug Cr [0)g @ [w1)p £1/4

Idea: Instead of cutting at only one slice, which results in %2 additive error, ¢
Fd YFEyeé &f AOSaxE OfydRmdary ¢6dL vy Of dza A 2 Y

C ‘0®n> <O®n‘ ct— Z (_1)|or|—|—111j6r

E W
- TTT] oeP((8)
A
— u < i Where A = min A} > 3/4
e — Ao |

(UALLW’L,z‘OALLI)Q (Oarr|®ir|0aLL) ij{l} — 4)L;l ® ¢11R
‘ e t{ij) = PLi©Pi D Pir

K, K;

Z (Oarz|®i;0aLL) T{l,],k} — ¢L,Z @ (Pz,] @ ¢]’k @ ¢i,R/ etC.




3D Circuitg, Divideand-Conquer

] ) sur = (0] Coumur [0) gupur = Lie1 Ai [0i)p @ [wi)

~ {0aLL| C[0aLL) = A1 {0 up CL10); @ [v1)p - (O] pug Cr [0)g @ [w1)p £1/4

Idea: Instead of cuttlng at only one slice, which results in %2 additive error, ¢
FO YEyeé &f AOSaTEOfydRy AR2Y é6dL v Of dza A 2 Y

¢ = Cr, (10} (On,| @ [o1) (ml5,) CF,

~ e %= Cr (108) (O @ [wn) (wi],) C,
T K Ky «-- i
Pij = Cij (|w1> (Wi, ® U[i,ﬂ> <0[i,j] ® [v1) (Ul\Bj) Cij

(UALLW’L@OALLI)Q (Oarr|®ir|0aLL) T{l} — ¢L,l ® ¢1,R
; e i)} = PLi® i QiR

K, K;

7 (Oarc| @iy (0aLL) T{l,],k} — ¢L,1 ® (PI,] ® qb],k ® ¢i,R, etc.




3D Circuitg Divideand-Conquer

) sur = (0] Coumur [0) gupur = Lie1 Ai [0i)p @ [wi)

<0ALL| C ‘OALL> =M (OILUB ) |0>L ® ’01>B ' <0‘FUR Cr ‘O>R ® |w1>F +1/4

Idea: Instead of cuttlng at only one slice, which results in %2 additive error, ¢
Fd Yryeé &f AOSaaE OfydRy ARRRY é6dL v Of dza A2y

¢ = Cr, (10} (On,| @ [o1) (ml5,) CF,
¢ir = Cg, (‘ORi> (ORi| ® |w1> (w1|1-“i) CRi
(Pi,]' = Ci,j (|W1> (wl\ﬁ, & 0[1’]}> <0[1’]] ) ’01> <01‘Bj) C::]

e — ¢1,i, $ir, and ¢; ; “synthesized” using:

K;
(Oarr|dril0arr) (Oarr|@inr|0arr)

112

K
(Oarr/el TT(Chumur @ In,...5 ) (Ium @ SWAPEE) (Coumur @ Ir,. k) [0aLL/F)
e Z 7 i=1

| 1 D~ o) (il + 0((3/4))

K, K;
(Oarr| ®i;10aLL)




3D Circuitg, Divideand-Conquer

] ) sur = (0] Coumur [0) gupur = Lie1 Ai [0i)p @ [wi)

~ {0aLL| C[0aLL) = A1 {0 up CL10); @ [v1)p - (O] pug Cr [0)g @ [w1)p £1/4

Idea: Instead of cutting at only one slice, which results in %2 additive error, ¢
Fd YFEyeé &f AOSaxE OfydRmdary ¢6dL vy Of dza A 2 Y

C ‘0®n> <O®n‘ ct— Z (_1)|or|—|—111j6r

E W
- TTT] oeP((8)
A
— u < i Where A = min A} > 3/4
e — Ao |

(UALLW’L,z‘OALLI)Q (Oarr|®ir|0aLL) ij{l} — 4)L;l ® ¢11R
‘ e t{ij) = PLi©Pi D Pir

K, K;

Z (Oarz|®i;0aLL) T{l,],k} — ¢L,Z @ (Pz,] @ ¢]’k @ ¢i,R/ etC.




Theorem.

R .. |Recursive Algorithm:
Cloe") (0™ "= ¥ (~1)l,

oeP((4) A(C,n,A,B)  ATo compute the quantity
_ (ﬂ)A <1 [ (02" C[0=7) [> £ O(1/n'8M),
= S oA ™ (T S )
A : Kl o AFind 3 1 1(& light-conee
& S LI NI uSRZ + S
& 7 ‘O within 1 T v(l; of the center.
Oaea 610102y Oazelfunlonse) AFor eact®y ‘' approximate
_ , and circuit diagrams for
[ i P %o Doop; oo,
~ (Oarc|o AU4LL
Return: IZ o /\ 7A@ —1) - Algirn —1)
AN A 1
Ty =i QiR -3 ). 7 Aj)4K+1A((PL’i’17 —1)-B(¢ij€) - Alpjr 1 — 1)
i=1j=i+1
Yin =9 ®¢ijQPir R 11
+ — .A((P ,5,17—1)\/4((}5', ,17—1)
Yiiny =i Qi Q@ Pjx D Pir, etc. ; ]-:;z (A e IR

€
E (_1)‘U|+1B ((Piﬂl ®ke|a|—1 4)ka,(7k+1 ® (Pff\g\ﬂjf Z_A) ]

ceP({j—1,i+1})



Theorem.

R .. |Recursive Algorithm:
Cloe") (0™ "= ¥ (~1)l,

oeP((4) A(C,n,A,B)  ATo compute the quantity
A
_ (ﬂ) <1 [ {07] C[0%7) [ £ O(1/nlo8tM).
A ) T2 S W . i
CENR AFind 3 1 1(& light-conee
asL NI SR+ S
& 7 ‘Owithinl T € of the center.
(Oarr| oL |0ALLI§1 (0arL|®ir|0aLL) A FOI’ eaCrEN "Q] apprOXImate
_ , and circuit diagrams for
[ I P %o Doop; oo,
\’fUALZ,| P15 ‘UAJLL‘)
Z 2 1
Retul’n. . (/\i)T-l—]A((PL’i’W — 1) . A(q)i,qu - 1)
Here A(¢, 1 — 1) is shorthand for A(¢, — 1, A, B), and represents the algo- =131
rithm A making a recursive call to itself to approximate a smaller 3D circuit. B i i | ].1 — A ((PL,;', n— 1) B (Qbf,j, E) A (CP]',R, g — 1)
Here B(¢, €) represents a call to the 2D algorithm of [BGM20] to e-approximate i=1j=i+1 (/\11)\1) *
a circuit that is “almost” 2D. A 1
+ - A(ori,n—1)-A(¢p;r, 1 —1
¢ri = Cr, (100) (0n,| @ [o1) (o], ) CL I_;]_:IZH Ay (¢rim—1) - Algjr, 7 — 1)

¢ix = Cr, (108} (Ox,| ® lwn) (wi],) €,

_1)lvl+1p ( - B ® ;i)
(,bj,]' = Cj’j (|ZU1> <ZU1|H & 0[1’]}> <0[1’]] E ( ) (PI,(Tl k6|0'| 1 4)0';(,0’;(“ CPU'\J\J‘T] 2A

+ .
® |v1) (Ul|B,-) Cij ceP({j—1,..i+1})




Theorem.

C ‘0@71) <0®n‘ C‘I‘ .

A
— ﬂ <i
A — 24

)3

ceP([A])

(_1)04—111;0

12

Recursive Algorithm;
A(C,n,A, B)

I

ATo compute the quantity
| (O®n| C ’0®n> |2 1 O(l/nlog(n)).

K;
(0arz|?L,i10aLL)

K Ky ++-

(0azL| ?sr|0aLL)

AFind 3 | 1(& light-conee
asSLJ NJ_ uSRZ +ai S
O within | v(l; of the center.

A For eactey “happroximate

, and circuit diagrams for

e Wi

I |

[ P %o : Dbor, Pbor,

K;

A

Here A(¢, 17 — 1) is shorthand for A(¢, 7 — 1, A, B), and represents the algo-
rithm .4 making a recursive call to itself to approximate a smaller 3D circuit.

Here B (q'), e) represents a call to the 2D algorithm of [BGM20] to e-approximate
a circuit that is “almost” 2D.

Theorem. This algorithm approximates the quantity | (09" | C |0%") |? to additive
error 1/n'98(") in time nPolylog(n)od”

Return:

K;

(Oarr|®i; 0aLL)

S
(/\i)THA((PU’W —1)- A(pir,n —1)
1

A A 1

.

1=

. L AL —1) B(gije)- Alig —1
1;]':;1 i (¢rin —1)-B(gij€) - Alpjr,n—1)
A A 1

+) ) Alprin—1) - AlPjr, 11— 1)

=1 j=it2 (ALA] 4K+

L

€
(-1)“*'B (‘Pz’m Bkelo]-1 Poiorir @ Po 050 Z_A) ]



Theorem.

Recursive Algorithm;

CloPy (0| ct - Y (-1,

7eP([4) A(C,n,A,B)  ATo compute the quantity
- (u)A < ox [ (0" C[0%7) |* +O(1/nlogl).
- <3 S 2 0 o
A ? Kiky oo AFind 3 | 1(& light-conee
asS LI N.]_ USRZ +K S
I 0 ‘O within | v(l; of the center.
Oarelbralonzsy Ozl dunloass) A For eactEN “Qhapproximate
_ , and circuit diagrams for
[ T 15[ P %o Doop; oo,
(OaLr|®ij(0aLL;
A
Runtime Analysis: Return: 3, e A@uin = 1) Alig =1

1:1
A Logarithmically many recursive steps.

ALyaidlyOoS &aAl s ooKIf@SasEIDJﬂ—AII—Q%PLIaﬂl)SB@ﬂ?E) A(pjrm—1)

A Quasipolynomiahdditive time cost at each step. = 11 =y
A Standard recursive time analysis gives N e
Quasipolynomiatuntime bound. +121]IZ+2 ¥ }U o ALy = 1) - Algir = 1)

Theorem. This algorithm approximates the quantity | (0°"| C |0°") |? to additive . €
error 1/n'°8) in time ppolylog(n)pd® ' Z (_1) o1+ B (‘Pi,ol ®k€|a’|—]_ (Pak,akﬂ 03y (Pa‘g‘,crjz Z_A)



Theorem.

Recursive Algorithm;

C ‘0®n> <0®n‘ C+ . Z (_1)c;r—|—111;lcr

rePllA]) A(C,n,A,B)  ATo compute the quantity
— (#)A < 2% n [{027] C0%7) > £ O(1/n'o8().
- CYoN AFind 3x 1 (G light-cone-

asS L NJ_ uSRz +dgie S
s ‘O within | v(l; of the center.

(OaLr| O |0ALLI§1 (0arL|®ir|0aLL) A For eacrEN "Q'] appfOleate
_ , and circuit diagrams for
[ I P %o Doop; oo,
<fUA1.;J| P15 \UAJLL )
Error Analysis: ’ Return: +
'_ Etlll'n. (/\i)T—l—]A((PL’i’W — 1) . ./4(4)1"1{,]7 — 1)
A Somewhat involved. i-1 (A
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