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Let C be a geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 

Problem Statement

ÅGoal:  Compute the quantity

ÅWhat is the classical complexity 
of approximating                             
to additiveerror ‭ȩ

Å1-Dimensional Case.
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Problem Statement

ÅGoal:  Compute the quantity

ÅWhat is the time complexity of 
approximating                             
to additiveerror ‭?

Å2-Dimensional Case.

ÅMust solve worst-caseover 
such circuits.

ÅArbitrary 2-qubit gates allowed.
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Let C be a 2D geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 



ÅGoal:  Compute the quantity

ÅWhat is the time complexity of 
approximating                             to 
additiveerror ‭?

Å3-Dimensional Case.

ÅMust solve worst-caseover such 
circuits.

ÅArbitrary 2-qubit gates allowed.

Problem Statement

Let C be a 3D geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 

Depth Use your imagination.



Motivation
ÅGoal:  Compute the quantity

ÅWhy should we care about this 
task?

ÅWhen ‭ ς ͮ this task is #P-
Hard [Movassagh20].

ÅSo ‭parametrizes difficulty.

ÅSo, can only hope to solve 
efficiently when ‭ḻς ͮ .

Let C be a geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 



Motivation

Let C be a geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 

ÅGoal:  Compute the quantity

ÅWhy should we care about this 

task for ‭ͯ ?

ÅRelevant for classically 
simulating some hybrid 
quantum algorithms.

ÅQuantum circuit C composed 
with some classical post-
processing.
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Motivation

Let C be a geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 

C ὖ

ÅGoal:  Compute the quantity

ÅWhy should we care about this 

task for ‭ͯ ?

ÅOur algorithm can estimate this 
output bit when
Åὖ = AND

Åὖ = OR

Åὖ = XOR



Motivation

Let C be a geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 

ÅGoal:  Compute the quantity

ÅWhy should we care about this 

task for ‭ͯ ?

ÅCan also estimate:

ÅTechniques:  Controlling global 
correlations even though 
lightconesoverlap!

C ὖ



Let C be a geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 

Background

ÅGoal:  Compute the quantity

ÅWhat is the classical complexity 
of approximating                             
to additiveerror ‭ȩ

ÅWell known solutions to 1D case 
in poly-time:

e.g. Matrix Product States.

Depth



Background

ÅGoal:  Compute the quantity

ÅWhat is the time complexity of 
approximating                             
to additiveerror ‭?

ÅPolynomial time solution to 
the 2D problem is non-trivial:

ÅElegant classical algorithm of 
[Bravyi, Gosset, Movassagh
ΨнлϐΦ

Å‭-approximation in 

poly(n, 1/‭) time.

Depth

Let C be a 2D geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 



ÅGoal:  Compute the quantity

ÅWhat is the time complexity of 
approximating                             to 
additiveerror ‭?

ÅTechniques of [BGM20] may be limited 
to sub-exponential time in the 3D case.

Å[Bravyi, Gosset, MovassaghΨнлϐΣ о5 
case: 

‭-approximation in poly(ς
Ⱦ

, 1/ ‭) time.

ÅCould 3D be drastically more complex 
than 2D?

Background

Let C be a 3D geometrically local, low-depth 
(logarithmic depth) quantum circuit acting 
on n qubits. 

Depth Use your imagination.



Let C be a 3D geometrically local, depth-d 
quantum circuit acting on n qubits. 

Main Result
ÅGives an inverse-polynomial additive 

approximation for any polynomial 
(asymptotically).

ÅSolves worst-case circuits.

ÅAllows arbitrary 2-qubit unitary 
gates.

ÅWe believe our result will generalize 
to constant dimension D > 3, but we 
only prove the 3D case.       



3D Circuits ςA New Approach
ÅUnable to extend the [BGM20] algorithm, we are forced to pursue a new 

approach.

ÅIdea:
ÅLightconesin low-depth geometrically local circuits are local.

ÅSo, it is natural to consider a Divide-and-Conquer approach to estimating 

ÅBut, how should the division step work?



3D Circuits ςDivide-and-Conquer

LƳŀƎƛƴŜ ǘƘŀǘ ǘƘƛǎ ǎǘŀǘŜ Ƙŀǎ Ƴƻǎǘ ƻŦ ƛǘΩǎ Ƴŀǎǎ ƛƴ ƛǘΩǎ ǘƻǇ ŦŜǿ {ŎƘƳƛŘǘ ǾŜŎǘƻǊǎ ŀŎǊƻǎǎ ǘƘŜ ŘƛǾƛǎƛƻƴ aΦ

The original quantity is close to a sum of a few 3D problems of about half the size! 

This looks like the beginnings of Divide-and-Conquer.



3D Circuits ςDivide-and-Conquer

Two Problems:

1) ²Ƙȅ ǎƘƻǳƭŘ ǘƘŜ ǎǘŀǘŜ ƘŀǾŜ Ƴƻǎǘ ƻŦ ƛǘΩǎ Ƴŀǎǎ ƻƴ ŀ ŦŜǿ {ŎƘƳƛŘǘ ŎƻŜŦŦƛŎƛŜƴǘǎΚ

2) We would need to construct the corresponding Schmidt vectors via low-
depth, geometrically local quantum circuits.  Not clear how to do this.



3D Circuits ςDivide-and-Conquer

Problem #2:  How to construct the corresponding Schmidt vectors via low-depth, 
geometrically local quantum circuits?

Idea:  Use Block-Encodings,

Traditionally used in quantum algorithms.  Here we use them as a subroutine of a classical 
algorithm!
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3D Circuits ςDivide-and-Conquer
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coefficients?  In particular, why should                      even be non-zero?
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3D Circuits ςDivide-and-Conquer

So, we can find many cuts for which we can construct the 
largest Schmidt vector with a depth-K, 2D local quantum 
circuit! 



3D Circuits ςDivide-and-Conquer

Recall:

LƳŀƎƛƴŜ ǘƘŀǘ ǘƘƛǎ ǎǘŀǘŜ Ƙŀǎ Ƴƻǎǘ ƻŦ ƛǘΩǎ Ƴŀǎǎ ƛƴ ƛǘΩǎ ǘƻǇ ŦŜǿ {ŎƘƳƛŘǘ ǾŜŎǘƻǊǎ 
across the division M.

Problem: We can only construct the top Schmidt vector with a geometrically 
local constant depth quantum circuit!



Recall:

LƳŀƎƛƴŜ ǘƘŀǘ ǘƘƛǎ ǎǘŀǘŜ Ƙŀǎ Ƴƻǎǘ ƻŦ ƛǘΩǎ Ƴŀǎǎ ƛƴ ƛǘΩǎ ǘƻǇ ŦŜǿ {ŎƘƳƛŘǘ ǾŜŎǘƻǊǎ 
across the division M.

Problem: We can only construct the top Schmidt vector with a geometrically 
local constant depth quantum circuit!

But this results in a constant sized error term since 

3D Circuits ςDivide-and-Conquer



Idea:  Instead of cutting at only one slice, which results in ¼ additive error, cut 
ŀǘ Ƴŀƴȅ ǎƭƛŎŜǎΣ ŀƴŘ Řƻ άLƴŎƭǳǎƛƻƴ-9ȄŎƭǳǎƛƻƴέΦ 
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Recursive Algorithm:
ÅTo compute the quantity

ÅFind ɝͯ ÌÏÇὲ light-cone-
ǎŜǇŀǊŀǘŜŘΣ άƘŜŀǾȅέ Ŏǳǘǎ +ȡÉɴ
Ὅ within ÌÏÇÎof the center.
ÅFor each Éɴ Ὅȟapproximate 
‗ , and circuit diagrams for 
‰ȟȟ‰ȟȟ‰ȟ .
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Recursive Algorithm:
ÅTo compute the quantity

ÅFind ɝͯ ÌÏÇὲ light-cone-
ǎŜǇŀǊŀǘŜŘΣ άƘŜŀǾȅέ Ŏǳǘǎ +ȡÉɴ
Ὅ within ÌÏÇÎof the center.
ÅFor each Éɴ Ὅȟapproximate 
‗ , and circuit diagrams for 
‰ȟȟ‰ȟȟ‰ȟ .

Runtime Analysis:
ÅLogarithmically many recursive steps.
ÅLƴǎǘŀƴŎŜ ǎƛȊŜ ȫȫƘŀƭǾŜǎέ ŀǘ ŜŀŎƘ ǎǘŜǇΦ
ÅQuasipolynomialadditive time cost at each step.
ÅStandard recursive time analysis gives 

Quasipolynomialruntime bound.



Error Analysis:
ÅSomewhat involved.
ÅIntuition follows from our two 

approximation theorems.

Recursive Algorithm:
ÅTo compute the quantity

ÅFind ɝͯ ÌÏÇὲ light-cone-
ǎŜǇŀǊŀǘŜŘΣ άƘŜŀǾȅέ Ŏǳǘǎ +ȡÉɴ
Ὅ within ÌÏÇÎof the center.
ÅFor each Éɴ Ὅȟapproximate 
‗ , and circuit diagrams for 
‰ȟȟ‰ȟȟ‰ȟ .



Questions?


