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Quantum continuous variable (CV) systems

- Quantum CV systems are candidates for many protocols of quantum computation and
communication

- CV systems can be hard to analyse (infinite dimensional objects, unboundedness, etc…)

- Important class of CV operations are Gaussian states, channels and measurements

- Advantage: characterized by covariance matrices, i.e. admit a finite dimensional reduction

How can one construct a theory of approximation of quantum Gaussian circuits?



Outline and motivation

- From QIT/Resource theory: Can one quantify the amount of entanglement/energy needed
to distinguish quantum channels over arbitrary (separable) Hilbert spaces

-> Restriction over input states required: finite energy states.
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- From QIT/Resource theory: Can one quantify the amount of entanglement/energy needed
to distinguish quantum channels over arbitrary (separable) Hilbert spaces

-> Restriction over input states required: finite energy states.

- From quantum optics: Given two Gaussian channels, how well can one distinguish them in
terms of their defining properties?

-> Restriction over input states required: finite energy states.

- From CV quantum computing: How can one efficiently approximate the action of a
Gaussian circuit on low energy states with precision from a given set of primitive gates?
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<latexit sha1_base64="jskGTWY4YlldmGW0gZf03Cx6isQ="></latexit>

Discriminating quantum channels

⇢

<latexit sha1_base64="aGLSnMQrsUGXigi4wevpLmcEUeU=">AAACDHicbVDLSsNAFJ34rPVVdekmWARXJZGCXRbcuKzQFzSlTKa37dB5hJkbpYT+Qrf6Ie7Erf/gd/gDJm0W2npg4HDOvdwzJ4wEt+h5X87W9s7u3n7hoHh4dHxyWjo7b1sdGwYtpoU23ZBaEFxBCzkK6EYGqAwFdMLpfeZ3nsBYrlUTZxH0JR0rPuKMYiYFZqIHpbJX8ZZwN4mfkzLJ0RiUvoOhZrEEhUxQa3u+F2E/oQY5EzAvBrGFiLIpHUMvpYpKsP1kmXXuXqfK0B1pkz6F7lL9vZFQae1MhumkpDix614m/uf1YhzV+glXUYyg2OrQKBYuajf7uDvkBhiKWUooMzzN6rIJNZRhWk8xUPDMtJRUDQM0SaAjMBS1ycInTTOfpy35651skvZtxa9Wqo/Vcr2W91Ugl+SK3BCf3JE6eSAN0iKMTMiCvJBXZ+G8Oe/Ox2p0y8l3LsgfOJ8/R46c8A==</latexit>

N

<latexit sha1_base64="w2h2pAaLFyZe+UQCZ/SCCp2lgAA=">AAACE3icbVDLSgNBEJyNrxhfUY9eFoPgKexKwBwFL54kQhKFbJDeSScOmccy06uEJZ/hVT/Em3j1A/wOf8DdmINGCwaKqm66puJECkdB8OGVlpZXVtfK65WNza3tneruXteZ1HLscCONvYnBoRQaOyRI4k1iEVQs8Toenxf+9T1aJ4xu0yTBvoKRFkPBgXKpFymgOw4yu5zeVmtBPZjB/0vCOamxOVq31c9oYHiqUBOX4FwvDBLqZ2BJcInTSpQ6TICPYYS9nGpQ6PrZLPLUP8qVgT80Nn+a/Jn6cyMD5dxExflkEdEteoX4n9dLadjsZ0InKaHm34eGqfTJ+MX//YGwyElOcgLcijyrz+/AAqe8pUqk8YEbpUAPIrJZZBK0QMYW4bO2nRYthYud/CXdk3rYqDeuGrWz5ryvMjtgh+yYheyUnbEL1mIdxplhj+yJPXuP3ov36r19j5a8+c4++wXv/QsKnqAN</latexit>

0  T  I

<latexit sha1_base64="qTzv4vSxTvLgHU8b2IoGud+cLsI=">AAACJHicbZDLSgMxFIYzXmu9Vd3pJlgEV2VGCnZZcKO7Cr0InVIy6akGcxmSM0oZCj5Nt/og7sSFG1/CF3Cm7cKqBxJ+/v8cTvJFsRQOff/DW1peWV1bL2wUN7e2d3ZLe/ttZxLLocWNNPYmYg6k0NBCgRJuYgtMRRI60f1FnncewDphdBNHMfQUu9ViKDjDzOqXDv1QAm3mV2hisAyN1UxBejXul8p+xZ8W/SuCuSiTeTX6pa9wYHiiQCOXzLlu4MfYS5lFwSWMi2HiIGb8nt1CN5P5GtdLp38Y05PMGdChsdnRSKfuz4mUKedGKso6FcM79zvLzf+yboLDWi8VOk4QNJ8tGiaSoqE5EDoQFjjKUSYYtyJ7K+V3zDKOGbZiqOGRG6WYHoRo00VGTTvOKQW/mfwV7bNKUK1Ur6vlem3Oq0COyDE5JQE5J3VySRqkRTh5IhPyTF68iffqvXnvs9Ylbz5zQBbK+/wGx1+mIA==</latexit>

N1(⇢)

<latexit sha1_base64="ytSduaO5nWIU+attkts/oapKvEQ=">AAACHXicbVDLSgNBEJz1bXxFPXpZDIJewq4E9Ch48SQKRoVsCL2TjhmcxzLTq4Rlv8Wrfog38Sp+hz/gbMzBV0FDUdVNF5VmUjiKovdganpmdm5+YbG2tLyyulZf37h0Jrcc29xIY69TcCiFxjYJknidWQSVSrxKb48r/+oOrRNGX9Aow66CGy0GggN5qVffTBTQkIMsTstevJvYodnr1RtRMxoj/EviCWmwCc569Y+kb3iuUBOX4FwnjjLqFmBJcIllLckdZsBv4QY7nmpQ6LrFOHwZ7nilHw6M9aMpHKvfLwpQzo1U6jerqO63V4n/eZ2cBofdQugsJ9T869EglyGZsGoi7AuLnOTIE+BW+KwhH4IFTr6vWqLxnhulQPcTskViMrRAxlbhiwtblr6l+Hcnf8nlfjNuNVvnrcbR4aSvBbbFttkui9kBO2In7Iy1GWcj9sAe2VPwEDwHL8Hr1+pUMLnZZD8QvH0CAvKjFA==</latexit>

N2(⇢)

<latexit sha1_base64="Ey+5H/c+3fP4IJvDcZ+V6AufXTU=">AAACHXicbVDLSgNBEJz1bXxFPXpZDIJewq4E9Ch48SQKRoVsCL2TjhmcxzLTq4Rlv8Wrfog38Sp+hz/gbMzBV0FDUdVNF5VmUjiKovdganpmdm5+YbG2tLyyulZf37h0Jrcc29xIY69TcCiFxjYJknidWQSVSrxKb48r/+oOrRNGX9Aow66CGy0GggN5qVffTBTQkIMsTsve/m5ih2avV29EzWiM8C+JJ6TBJjjr1T+SvuG5Qk1cgnOdOMqoW4AlwSWWtSR3mAG/hRvseKpBoesW4/BluOOVfjgw1o+mcKx+vyhAOTdSqd+sorrfXiX+53VyGhx2C6GznFDzr0eDXIZkwqqJsC8scpIjT4Bb4bOGfAgWOPm+aonGe26UAt1PyBaJydACGVuFLy5sWfqW4t+d/CWX+8241WydtxpHh5O+FtgW22a7LGYH7IidsDPWZpyN2AN7ZE/BQ/AcvASvX6tTweRmk/1A8PYJBJ2jFQ==</latexit>
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succ(N1,N2) = sup

⇢
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2

<latexit sha1_base64="NRwcU3rLoSmgVPzaQrGyhM2PXNQ="></latexit>
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⇢AR
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<latexit sha1_base64="bk91WdbdbDDa6z7FpYfNmaraciQ=">AAACG3icbZDLSsNQEIZPvNZ6a3XpJlgEVyWRgl0KblxW6EVoQjk5mejBcwnnTJQS+ijd6oO4E7cufA5fwKTtQlt/GPj5Z4YZvigV3KLnfTlr6xubW9uVneru3v7BYa1+1Lc6Mwx6TAtt7iJqQXAFPeQo4C41QGUkYBA9Xpf9wRMYy7Xq4jiFUNJ7xRPOKBbRqFYPdAqGojaKSsh5PBnVGl7Tm8ldNf7CNMhCnVHtO4g1yyQoZIJaO/S9FMOcGuRMwKQaZBZSyh7pPQwLW96xYT57feKeFUnsJtoUpdCdpb83ciqtHcuomJQUH+xyrwz/6w0zTNphzlWaISg2P5RkwkXtlhzcmBtgKMaFoczw4leXPVBDGRa0qoGCZ6alpCoO0OR/IXXNpKTkLzNZNf2Lpt9qtm5bjav2gleFnJBTck58ckmuyA3pkB5h5JlMyQt5dabOm/PufMxH15zFzjH5I+fzB/bloyw=</latexit>

0  TBR  IBR

<latexit sha1_base64="MK46o6bcY/XW/gBnNquvnwIJQDc=">AAACLnicbZDLSgNBEEV7fBtfUZduGqPgKsxIwCxFN7pTSTSQCaGnU9HGfgzdNUoY8gN+jVv9EMGFuHXvDzgzZmESLzRcblVR1SeKpXDo++/ezOzc/MLi0nJpZXVtfaO8uXXtTGI5NLmRxrYi5kAKDU0UKKEVW2AqknAT3Z/m9ZsHsE4Y3cBBDB3FbrXoC84wi7rlPT+UQBvd9ORqmLvQxGAZGquZgvS8yIfdcsWv+oXotAlGpkJGuuiWv8Oe4YkCjVwy59qBH2MnZRYFlzAshYmDmPF7dgvtzOa7XCctfjOk+1nSo31js6eRFunfiZQp5wYqyjoVwzs3WcvD/2rtBPv1Tip0nCBo/ruon0iKhuZoaE9Y4CgHmWHciuxWyu+YZRwzgKVQwyM3SjHdC9Gm46AatqAUTDKZNteH1aBWrV3WKsf1Ea8lskN2yQEJyBE5JmfkgjQJJ0/kmbyQV+/Ze/M+vM/f1hlvNLNNxuR9/QD9a6pa</latexit>

N1(⇢AR)

<latexit sha1_base64="J9GmDTVW17gJgFTxIZdXdu7caeQ="></latexit>

N2(⇢AR)

<latexit sha1_base64="cfTFpk1YXLO5oH1tx6JD+5QLrnM="></latexit>

P(e.a.)
succ (N1,N2) = sup

R
sup
⇢AR

Psucc(N1(⇢AR),N2(⇢AR)) =
1 + 1

2kN1 �N2k⇧
2

<latexit sha1_base64="HnDNNmN7tDmd39HSIgWWod/w+7k="></latexit>



The diamond norm and its flaws
⇤ : T1(H) ! T1(H)

<latexit sha1_base64="dWcCFwPIgfnYPcS+Sn4S8lxEdw8="></latexit>

Hermitian preserving1
(          for channel differences)

Problem: The diamond norm is trivial in simple infinite dimensional situations

Example: Bosonic quantum limited attenuator: coherent state, 

Lemma [Winter 2017]

Proof:

Physical interpretation: 

Perfect discrimination requires infinite average energy!

k⇤k⇧ := sup
R

sup
| i2HAR

k(⇤⌦ id)(| ih |)k1

<latexit sha1_base64="mBNHQmOH7xlClsrwBWW3K1L31gM="></latexit>

⌘  1

<latexit sha1_base64="wfzC9XBdAUCJ/Ui1kNYeWeX8FFY=">AAACEXicbVDLSgNBEJz1GeMr6tHLYBA8hV0JmKPgxWME44NskN5JRwfnscz0KmHJV3jVD/EmXv0Cv8MfcBJz8FUwUFR10zWV5Up6iuP3aGZ2bn5hsbJUXV5ZXVuvbWyeeVs4gR1hlXUXGXhU0mCHJCm8yB2CzhSeZ7dHY//8Dp2X1pzSMMeehmsjB1IABekyRYJUIU+uavW4EU/A/5JkSupsivZV7SPtW1FoNCQUeN9N4px6JTiSQuGomhYecxC3cI3dQA1o9L1yEnjEd4PS5wPrwjPEJ+r3jRK090OdhUkNdON/e2PxP69b0KDVK6XJC0Ijvg4NCsXJ8vHveV86FKSGgYBwMmTl4gYcCAodVVOD98JqDaafkitTm6MDsm4cvjx1o1FoKfndyV9ytt9Imo3mSbN+2Jr2VWHbbIftsYQdsEN2zNqswwTT7IE9sqfoIXqOXqLXr9GZaLqzxX4gevsEaA+ekQ==</latexit>

A⌘(|↵ih↵|) := |⌘↵ih⌘↵|

<latexit sha1_base64="csNZih9/xRS3RnNUfj5anYMvAZ0="></latexit>

8|↵i 2 L2(R)

<latexit sha1_base64="Vpjcc5kFeAFGSglO+tCOfmx5gbY="></latexit>

kA⌘ �A⌘0k⇧ = 2 , 8⌘ 6= ⌘0

<latexit sha1_base64="lc87xnkE+mrN6lnQaM1EO/770Xw="></latexit>

N := a† a

<latexit sha1_base64="Nn+aBhQtjSatTT3VjO1sDg2BKRI=">AAACGXicbVDLSitBEO3xba7XRF26GQwXXEiYuQQUQRDcuBIFo0ImhpqeSmzsx9Bdo4QhX+JWP8SduHXld/gDdmIWvg4UHM6pog4nzaVwFEWvwdT0zOzc/MJi5c/S3+VqbWX1zJnCcmxxI429SMGhFBpbJEjiRW4RVCrxPL0+GPnnN2idMPqUBjl2FPS16AkO5KVurXq0uweXSQb9PtpkC7q1etSIxgh/knhC6myC427tLckMLxRq4hKca8dRTp0SLAkucVhJCoc58GvoY9tTDQpdpxwHH4b/vJKFPWP9aArH6ueLEpRzA5X6TQV05b57I/E3r11Qb6dTCp0XhJp/POoVMiQTjloIM2GRkxx4AtwKnzXkV2CBk++qkmi85UYp0FlCtkxMjhbI2FH48tQOh76l+HsnP8nZ/0bcbDRPmvX9nUlfC2ydbbBNFrNtts8O2TFrMc4Kdsfu2UNwFzwGT8Hzx+pUMLlZY18QvLwDVO6hHQ==</latexit>

h↵|a†a|↵i = |↵|2

<latexit sha1_base64="LigX/w2CxQjdIdtMJwrsXzUZblI="></latexit>

)

<latexit sha1_base64="y+Mw5Xut9hshfVOHEmdEGmqVyYI=">AAACE3icbVDLSgNBEJz1bXxFPXpZDIKnsCsBcwx48ahijJAN0jvpJIPzWGZ6DWHJZ3jVD/EmXv0Av8MfcBJzUGPBQFHVTddUmknhKIo+goXFpeWV1bX10sbm1vZOeXfvxpnccmxyI429TcGhFBqbJEjibWYRVCqxld6fTfzWA1onjL6mUYYdBX0teoIDeamdXIn+gMBaM7wrV6JqNEU4T+IZqbAZLu7Kn0nX8FyhJi7BuXYcZdQpwJLgEselJHeYAb+HPrY91aDQdYpp5HF45JVu2DPWP03hVP25UYBybqRSP6mABu6vNxH/89o59eqdQugsJ9T8+1AvlyGZcPL/sCsscpIjT4Bb4bOGfAAWOPmWSonGITdKge4mZIvEZGiBjJ2EL67teOxbiv92Mk9uTqpxrVq7rFUa9Vlfa+yAHbJjFrNT1mDn7II1GWeGPbIn9hw8Bi/Ba/D2PboQzHb22S8E718Y06AW</latexit>

k|⌘↵ih⌘↵|� |⌘0↵ih⌘0↵|k1 = 2
p
1� e�|(⌘�⌘0)↵|2 ! 2 , |↵| ! 1

<latexit sha1_base64="Oq8FUB3aOJouopdTClWThg72Cmk="></latexit>

) P(e.a.)
succ (A⌘,A⌘0) = 1

<latexit sha1_base64="1uwL/P0JUeDTrigstref0Mz8+N4="></latexit>

P(e.a.)
succ (N1,N2) =

1 + 1
2kN1 �N2k⇧

2

<latexit sha1_base64="6i6hzjScvoA47mYNGDZOCURA1IY="></latexit>

1 Aharonov et al 1998

 2

<latexit sha1_base64="CIgYDtZBZosU0fycdfIgZ0lC8+M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMfRZIhL1GFKNgkv0DTcCH1OFNA4FdsPJ7dzvPqHSPJEPZppiENOR5BFn1FjJ7wskjUG15tbdBcg68QpSgwLtQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni2Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxzMuQKmRFTSyhT3N5K2JgqyozNp2JD8FZfXiedRt1r1pv3zVrrqoijDGdwDpfgwTW04A7a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcK5o4m</latexit>



Energy constrained diamond (ECD) norm

Fix a Hamiltonian         which we assume grounded (                                ) and average energy       

Definition (ECD norm) [Shirokov 2017, Winter 2017, Pirandola et. Al. 2017]

HA

<latexit sha1_base64="8ddTRZQwxR05fVrXTlrXxA3irZ8=">AAACC3icbVBLSgNBFOzxG+Mv6tLNYBBchRkJ6FJxk2XERIXMEHp6XmJjf4buN0oYcoRs9SDuxK2H8BxewM5noYkFDUXVe7zqSjLBLQbBl7e0vLK6tl7aKG9ube/sVvb2b63ODYM200Kb+4RaEFxBGzkKuM8MUJkIuEser8b+3RMYy7Vq4SCDWNK+4j3OKDrpptG97FaqQS2YwF8k4YxUyQzNbuU7SjXLJShkglrbCYMM44Ia5EzAsBzlFjLKHmkfOo4qKsHGxSTq0D92Sur3tHFPoT9Rf28UVFo7kImblBQf7Lw3Fv/zOjn2zuOCqyxHUGx6qJcLH7U//refcgMMxcARygx3WX32QA1l6NopRwqemZaSqjRCU0Q6A0NRm3H4omWGQ9dSON/JIrk9rYX1Wv26Xr04n/VVIofkiJyQkJyRC9IgTdImjPTJiLyQV2/kvXnv3sd0dMmb7RyQP/A+fwDqJZwp</latexit>

E � 0

<latexit sha1_base64="ebV5t8LqI4KqEdc3t9nCjOrC5sQ=">AAACDnicbVDJSgNBFOxxjXGLevTSGARPYUYC5hgQwaNCFiETpKfzElt7GbrfKGHIP3jVD/EmXv0Fv8MfsCfJwa2goah6j1ddSSqFwzD8CBYWl5ZXVktr5fWNza3tys5ux5nMcmhzI429SpgDKTS0UaCEq9QCU4mEbnJ3Wvjde7BOGN3CcQp9xUZaDAVn6KXOWTwCGl5XqmEtnIL+JdGcVMkcF9eVz3hgeKZAI5fMuV4UptjPmUXBJUzKceYgZfyOjaDnqWYKXD+fpp3QQ68M6NBY/zTSqfp9I2fKubFK/KRieON+e4X4n9fLcNjo50KnGYLms0PDTFI0tPg6HQgLHOXYE8at8Fkpv2GWcfQFlWMND9woxfQgRpvHJgXL0NgifN6yk4lvKfrdyV/SOa5F9Vr9sl5tNuZ9lcg+OSBHJCInpEnOyQVpE05uySN5Is/BY/ASvAZvs9GFYL6zR34geP8Cu6adHA==</latexit>

min Sp(HA) = 0

<latexit sha1_base64="wr3hRvTfn0BXg/bodB6OLesreDQ=">AAACJnicbZDLSgNBEEV74ju+oi51MRgE3YQZCZiNoLhxqWiikAmhp1PRJv0YumuUMMzGr3GrH+JOxJ3/4A/YeSyM8ULD5VYVVX3iRHCLQfDpFWZm5+YXFpeKyyura+uljc2G1alhUGdaaHMbUwuCK6gjRwG3iQEqYwE3ce9sUL95AGO5VtfYT6Al6Z3iXc4ouqhd2okkV5FOwFDURlEJ2VWS75+3Tw+Og3apHFSCofxpE45NmYx10S59Rx3NUgkKmaDWNsMgwVZGDXImIC9GqYWEsh69g6azg3W2lQ1/kft7Lun4XW3cU+gP098TGZXW9mXsOiXFe/u3Ngj/qzVT7NZaGVdJiqDYaFE3FT5qf4DE73ADDEXfGcoMd7f67J4aytCBK0YKHpmWkqpOhCabZHVt8txRCv8ymTaNw0pYrVQvq+WT2pjXItkmu2SfhOSInJBzckHqhJEn8kxeyKv37L15797HqLXgjWe2yIS8rx9DvKbW</latexit>

k⇤kH,E

⇧ := sup
R

sup
⇢AR

Tr[⇢AHA]E

k(⇤⌦ id)(⇢AR)k1

<latexit sha1_base64="BYGGuRmzHOyqWVtiQNwgt83Qki0="></latexit>

 sup
R

sup
| i2HAR

k(⇤⌦ id)(| ih |)k1 ⌘ k⇤k⇧

<latexit sha1_base64="n352KeXzlz983UJMG/MnTy7Pi+A="></latexit>



(i) Energy constrained discrimination of unitaries



The ECD distance of unitaries is achieved on product states  

[Aharonov, Kitaev, Nisan 1998] No entanglement needed to achieve EC distance between unitaries:

The result extends to the ECD norm:

Theorem: Let            be two unitaries,              ,U, V

<latexit sha1_base64="uEMQhzUvzgmfI1ul5S6z/cohaAc=">AAACDXicbVBLSgNBFOzxb/xFXboZDIKLEGYkYJYBNy4jODGQCaGn85I06c/Q/UYJQ86QrR7Enbj1DJ7DC9iJWWhiQUNR9R6vupJUcItB8OmtrW9sbm3v7Bb29g8Oj4rHJ02rM8MgYlpo00qoBcEVRMhRQCs1QGUi4CEZ3cz8h0cwlmt1j+MUOpIOFO9zRtFJUVSOy81usRRUgjn8VRIuSIks0OgWv+KeZpkEhUxQa9thkGInpwY5EzApxJmFlLIRHUDbUUUl2E4+DzvxL5zS8/vauKfQn6u/N3IqrR3LxE1KikO77M3E/7x2hv1aJ+cqzRAU+znUz4SP2p/93O9xAwzF2BHKDHdZfTakhjJ0/RRiBU9MS0lVL0aTxzoFQ1GbWfj83kwmrqVwuZNV0ryqhNVK9a5aqtcWfe2QM3JOLklIrkmd3JIGiQgjnEzJM3nxpt6r9+a9/4yueYudU/IH3sc3+cictA==</latexit>

H � 0

<latexit sha1_base64="FZ9KcKRnBO0lX/jbF8ZpDlCqr9Y=">AAACDnicbVBLSgNBFOzxG+Mv6tJNYxBchRkJmKXgxmUEEwOZID2dl9imP0P3GyUMuUO2ehB34tYreA4vYE+Shb+ChqLqPV51JakUDsPwI1haXlldWy9tlDe3tnd2K3v7bWcyy6HFjTS2kzAHUmhooUAJndQCU4mEm2R0Ufg3D2CdMPoaxyn0FBtqMRCcoZfal/EQaHhbqYa1cAb6l0QLUiULNG8rn3Hf8EyBRi6Zc90oTLGXM4uCS5iU48xByviIDaHrqWYKXC+fpZ3QY6/06cBY/zTSmfp9I2fKubFK/KRieOd+e4X4n9fNcNDo5UKnGYLm80ODTFI0tPg67QsLHOXYE8at8Fkpv2OWcfQFlWMNj9woxXQ/RpvHJgXL0NgifH5tJxPfUvS7k7+kfVqL6rX6Vb163lj0VSKH5IickIickXNySZqkRTi5J1PyRJ6DafASvAZv89GlYLFzQH4geP8CwKSdHw==</latexit>

E � 0

<latexit sha1_base64="ebV5t8LqI4KqEdc3t9nCjOrC5sQ=">AAACDnicbVDJSgNBFOxxjXGLevTSGARPYUYC5hgQwaNCFiETpKfzElt7GbrfKGHIP3jVD/EmXv0Fv8MfsCfJwa2goah6j1ddSSqFwzD8CBYWl5ZXVktr5fWNza3tys5ux5nMcmhzI429SpgDKTS0UaCEq9QCU4mEbnJ3Wvjde7BOGN3CcQp9xUZaDAVn6KXOWTwCGl5XqmEtnIL+JdGcVMkcF9eVz3hgeKZAI5fMuV4UptjPmUXBJUzKceYgZfyOjaDnqWYKXD+fpp3QQ68M6NBY/zTSqfp9I2fKubFK/KRieON+e4X4n9fLcNjo50KnGYLms0PDTFI0tPg6HQgLHOXYE8at8Fkpv2GWcfQFlWMND9woxfQgRpvHJgXL0NgifN6yk4lvKfrdyV/SOa5F9Vr9sl5tNuZ9lcg+OSBHJCInpEnOyQVpE05uySN5Is/BY/ASvAZvs9GFYL6zR34geP8Cu6adHA==</latexit>

8E � 0, P(1),E
succ (U ,V) = P(e.a.),E

succ (U ,V)

<latexit sha1_base64="57wEZXDTwaW3F8HORxyoL6Ls+0M="></latexit>

) kU � VkH,E

⇧ = 2
r

1� inf
h |H| iE

|h |U†V | i|2

<latexit sha1_base64="Yl4OmGdWjyBWoNRkZJySouCtlZY="></latexit>

2
q

1� inf
⇢
|Tr[⇢U †V ]|2 = kU � Vk⇧ = kU � Vk1!1 = 2

r
1� inf

| i
|h |U †V | i|2

<latexit sha1_base64="17JMJwKn1lQhsUi3sohg1AoC6/M="></latexit>

U := U(.)U†

V := V (.)V †

<latexit sha1_base64="TOoKAeWa7pKApRqkbOQ7afP1KXQ="></latexit>



Perfect discrimination with EC and multiple queries

[Acín 2001] Given two unitaries                , there exists               such that        

Again, the result extends to the ECD norm: denoting on            ,   

U 6= V

<latexit sha1_base64="c1s+GgJFkw4gbPIGLT+6gkAbqq0=">AAACDnicbVDJSgNBFOxxjXGLevTSGARPYUYCehS8eIyQDTIh9HReYmsvQ/cbJQz5h1z1Q7yJV3/B7/AH7CwHNRY0FFXv8aorSaVwGIafwcrq2vrGZmGruL2zu7dfOjhsOpNZDg1upLHthDmQQkMDBUpopxaYSiS0kofrqd96BOuE0XUcpdBVbKjFQHCGXmo2Yg202SuVw0o4A10m0YKUyQK1Xukr7hueKdDIJXOuE4UpdnNmUXAJ42KcOUgZf2BD6HiqmQLXzWdpx/TUK306MNY/jXSm/tzImXJupBI/qRjeub/eVPzP62Q4uOzmQqcZgubzQ4NMUjR0+nXaFxY4ypEnjFvhs1J+xyzj6Asq+iaeuFGK6X6MNo9NCpahsdPwed2Ox76l6G8ny6R5XomqlepttXx1ueirQI7JCTkjEbkgV+SG1EiDcHJPJuSZvAST4DV4C97noyvBYueI/ELw8Q0ga51Z</latexit>

n 2 N

<latexit sha1_base64="9XrZ5Ll/Sg3rKJt2OsYW+bcFcCY=">AAACFnicbVDLSgNBEJyNrxhfUY9eFoPgKexKwBwDXjxJhDyEbAyzk04yZB7LTK8SlvxHrvoh3sSrV7/DH3A3yUETCxqKqm66qDAS3KLnfTm5jc2t7Z38bmFv/+DwqHh80rI6NgyaTAttHkJqQXAFTeQo4CEyQGUooB2ObzK//QTGcq0aOImgK+lQ8QFnFFPpUQVcBZLiKAyTu2mvWPLK3hzuOvGXpESWqPeK30Ffs1iCQiaotR3fi7CbUIOcCZgWgthCRNmYDqGTUkUl2G4yTz11L1Kl7w60SUehO1d/XyRUWjuRYbqZJbSrXib+53ViHFS7CVdRjKDY4tEgFi5qN6vA7XMDDMUkJZQZnmZ12YgayjAtqhAoeGZaSqr6AZok0BEYitpk4ZOGmWYt+audrJPWVdmvlCv3lVKtuuwrT87IObkkPrkmNXJL6qRJGDFkRl7IqzNz3px352OxmnOWN6fkD5zPH4TcoWA=</latexit>

kU⌦n � V⌦nk⇧ = 2

<latexit sha1_base64="ref7oNTLgJI0VHxP3dgvqxPyOoc="></latexit>

Theorem: Let be two unitaries on ,U 6= V

<latexit sha1_base64="c1s+GgJFkw4gbPIGLT+6gkAbqq0=">AAACDnicbVDJSgNBFOxxjXGLevTSGARPYUYCehS8eIyQDTIh9HReYmsvQ/cbJQz5h1z1Q7yJV3/B7/AH7CwHNRY0FFXv8aorSaVwGIafwcrq2vrGZmGruL2zu7dfOjhsOpNZDg1upLHthDmQQkMDBUpopxaYSiS0kofrqd96BOuE0XUcpdBVbKjFQHCGXmo2Yg202SuVw0o4A10m0YKUyQK1Xukr7hueKdDIJXOuE4UpdnNmUXAJ42KcOUgZf2BD6HiqmQLXzWdpx/TUK306MNY/jXSm/tzImXJupBI/qRjeub/eVPzP62Q4uOzmQqcZgubzQ4NMUjR0+nXaFxY4ypEnjFvhs1J+xyzj6Asq+iaeuFGK6X6MNo9NCpahsdPwed2Ox76l6G8ny6R5XomqlepttXx1ueirQI7JCTkjEbkgV+SG1EiDcHJPJuSZvAST4DV4C97noyvBYueI/ELw8Q0ga51Z</latexit>

H � 0

<latexit sha1_base64="FZ9KcKRnBO0lX/jbF8ZpDlCqr9Y=">AAACDnicbVBLSgNBFOzxG+Mv6tJNYxBchRkJmKXgxmUEEwOZID2dl9imP0P3GyUMuUO2ehB34tYreA4vYE+Shb+ChqLqPV51JakUDsPwI1haXlldWy9tlDe3tnd2K3v7bWcyy6HFjTS2kzAHUmhooUAJndQCU4mEm2R0Ufg3D2CdMPoaxyn0FBtqMRCcoZfal/EQaHhbqYa1cAb6l0QLUiULNG8rn3Hf8EyBRi6Zc90oTLGXM4uCS5iU48xByviIDaHrqWYKXC+fpZ3QY6/06cBY/zTSmfp9I2fKubFK/KRieOd+e4X4n9fNcNDo5UKnGYLm80ODTFI0tPg67QsLHOXYE8at8Fkpv2OWcfQFlWMNj9woxXQ/RpvHJgXL0NgifH5tJxPfUvS7k7+kfVqL6rX6Vb163lj0VSKH5IickIickXNySZqkRTi5J1PyRJ6DafASvAZv89GlYLFzQH4geP8CwKSdHw==</latexit>

9E < 1, n 2 N s.t. kU⌦n � V⌦nkH
(n)

,E

⇧ = 2

<latexit sha1_base64="LjhEUepNE5W9wN9cpjCeQjWcL+s="></latexit>

H
(n) :=

nX

j=1

Hj

<latexit sha1_base64="QMwvCzxirhFCOgtqtFHLcu9G76o=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoICWRgkUoFNx0WcE+oEnDZDppp51MwsxEKCELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPV5EiZCm+a3lNja3tnfyu4W9/YPDI/34pCPCmCPcRiENec+DAlPCcFsSSXEv4hgGHsVdb3o797sPmAsSsns5i7ATwBEjPkFQKsnVi81BUmYX6U3dFnHgJpO6lQ6Yfdl0JwVXL5kVcwFjnVgZKYEMLVf/sochigPMJKJQiL5lRtJJIJcEUZwW7FjgCKIpHOG+ogwGWDjJ4onUOFfK0PBDropJY6H+nkhgIMQs8FRnAOVYrHpz8T+vH0u/5iSERbHEDC0X+TE1ZGjMEzGGhGMk6UwRiDhRtxpoDDlEUuU2D8FafXmddK4qVrVSvauWGrUsjjwogjNQBha4Bg3QBC3QBgg8gmfwCt60J+1Fe9c+lq05LZs5BX+gff4AvkSW2Q==</latexit>

H
⌦n

<latexit sha1_base64="KqpsBQsCOLct6O8kTmCzw6TzgYU=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSSMEeC156rGA/oI1ls920SzebsLsRSsjFv+LFgyJe/Rne/Ddu2hy09cHA470ZZub5MWdKO863VdrY3NreKe9W9vYPDo/s45OuihJJaIdEPJJ9HyvKmaAdzTSn/VhSHPqc9vzZbe73HqlULBL3eh5TL8QTwQJGsDbSyD4bhlhPCeZpK3tIh5FmIVVIZCO76tScBdA6cQtShQLtkf01HEckCanQhGOlBq4Tay/FUjPCaVYZJorGmMzwhA4MFdjs8dLFAxm6NMoYBZE0JTRaqL8nUhwqNQ9905mfq1a9XPzPGyQ6aHgpE3GiqSDLRUHCkY5QngYaM0mJ5nNDMJHM3IrIFEtMtMmsYkJwV19eJ93rmluv1e/q1WajiKMM53ABV+DCDTShBW3oAIEMnuEV3qwn68V6tz6WrSWrmDmFP7A+fwBM0pbV</latexit>

2
q

1� inf
⇢
|Tr[⇢U †V ]|2 = kU � Vk⇧ = kU � Vk1!1 = 2

r
1� inf

| i
|h |U †V | i|2

<latexit sha1_base64="17JMJwKn1lQhsUi3sohg1AoC6/M="></latexit>



(ii) Discriminating Gaussian unitaries



Phase space formalism, quick recap

: number of modes 

, : creation and annihilation operators,

, position/momentum operators,

, , : symplectic form

: number operator

H = L2(Rm), m 2 N

<latexit sha1_base64="wSDUbp4ZLWxYvuz+pGzfzt1K4lA=">AAACF3icbVDLSgMxFM34rPVVdelmsAgVSpkpBbsRCm66EKliH9CZlkyatqFJZkgyQhnmL9z4K25cKOJWd/6NmXYEbT0QODnnXu69xwsokcqyvoyV1bX1jc3MVnZ7Z3dvP3dw2JJ+KBBuIp/6ouNBiSnhuKmIorgTCAyZR3Hbm1wmfvseC0l8fqemAXYZHHEyJAgqLfVzJYdBNUaQRvX44qpXLsz+nhfdxj12VnSKzCH8R7uO+7m8VbJmMJeJnZI8SNHo5z6dgY9ChrlCFErZta1AuREUiiCK46wTShxANIEj3NWUQ4alG83uis1TrQzMoS/048qcqb87IsiknDJPVyYbykUvEf/zuqEaVt2I8CBUmKP5oGFITeWbSUjmgAiMFJ1qApEgelcTjaGASOkoszoEe/HkZdIql+xKqXJTydeqaRwZcAxOQAHY4BzUQB00QBMg8ACewAt4NR6NZ+PNeJ+XrhhpzxH4A+PjG6iYn5c=</latexit>

[aj , a
†
k] = �jk I

<latexit sha1_base64="IynhxCvKTd9fcfE9ik/redClw2k=">AAACFnicbVBNS8NAEN34bf2qevQSLIIHLYkU9CIIXvSmYFVoYphspnXtJht2J0IJ/RVe/CtePCjiVbz5b9zWHvx6MPB4b4aZeXEuhSHP+3DGxicmp6ZnZitz8wuLS9XllXOjCs2xyZVU+jIGg1Jk2CRBEi9zjZDGEi/i7uHAv7hFbYTKzqiXY5hCJxNtwYGsFFW3WxDdbEHUvQoS6HRQh/tBgpIgKm+6/UDlqIGUziDF8rgfVWte3RvC/Uv8EamxEU6i6nuQKF6kmBGXYEzL93IKS9AkuMR+JSgM5sC70MGWpYM1JiyHb/XdDaskbltpWxm5Q/X7RAmpMb00tp0p0LX57Q3E/7xWQe29sBRZXhBm/GtRu5AuKXeQkZsIjZxkzxLgWthbXX4NGjjZJCs2BP/3y3/J+U7db9Qbp43awd4ojhm2xtbZJvPZLjtgR+yENRlnd+yBPbFn5955dF6c16/WMWc0s8p+wHn7BI7loEA=</latexit>

[aj , ak] = 0

<latexit sha1_base64="gC8+TjC967D265dOsoJ8GVBj3XM=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4kJJIwV6EghePFewHpCFstpt27WY37E6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCgV3IDrfjtr6xubW9ulnfLu3v7BYeXouGNUpilrUyWU7kXEMMElawMHwXqpZiSJBOtG49uZ331i2nAlH2CSsiAhQ8ljTglYyfdJ+HhJwnFw44aVqltz58CrxCtIFRVohZWv/kDRLGESqCDG+J6bQpATDZwKNi33M8NSQsdkyHxLJUmYCfL5yVN8bpUBjpW2JQHP1d8TOUmMmSSR7UwIjMyyNxP/8/wM4kaQc5lmwCRdLIozgUHh2f94wDWjICaWEKq5vRXTEdGEgk2pbEPwll9eJZ2rmlev1e/r1WajiKOETtEZukAeukZNdIdaqI0oUugZvaI3B5wX5935WLSuOcXMCfoD5/MHPFaQiw==</latexit>

a = (a1, ..., am)

<latexit sha1_base64="a0DkoDMoiTkzpCY3uTugTlJOSs0=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpSQSMFuhIIblxXsA9oSbqaTdujkwcxEKKFu/BU3LhRx61+482+ctFlo64ELh3Pu5d57vJgzqWz72yisrW9sbhW3Szu7e/sH5uFRW0aJILRFIh6JrgeSchbSlmKK024sKAQepx1vcpP5nQcqJIvCezWN6SCAUch8RkBpyTVP+gGoseenMLuugOtULcuqghtcuGbZtuw58CpxclJGOZqu+dUfRiQJaKgIByl7jh2rQQpCMcLprNRPJI2BTGBEe5qGEFA5SOcfzPC5VobYj4SuUOG5+nsihUDKaeDpzuxeuexl4n9eL1F+fZCyME4UDclikZ9wrCKcxYGHTFCi+FQTIILpWzEZgwCidGglHYKz/PIqaV9aTs2q3dXKjXoeRxGdojNUQQ66Qg10i5qohQh6RM/oFb0ZT8aL8W58LFoLRj5zjP7A+PwBDI6VTQ==</latexit>

aj =
xj + ipjp

2

<latexit sha1_base64="uR27Qa47JDkUcnGIa8bqn+GMVuo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgCCUpBbsRCm5cVrAPaEKYTCfttJNJnJmIJWTlxl9x40IRt36DO//GaZuFth64cDjnXu69x48Zlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj6+mfueeCEkjfqsmMXFDNOA0oBgpLXnmMfJGl04gEE4fvNE5jb1RljryTqi0mmWeWbYq1gxwmdg5KYMcTc/8cvoRTkLCFWZIyp5txcpNkVAUM5KVnESSGOExGpCephyFRLrp7I0MnmqlD4NI6OIKztTfEykKpZyEvu4MkRrKRW8q/uf1EhXU3ZTyOFGE4/miIGFQRXCaCexTQbBiE00QFlTfCvEQ6UyUTq6kQ7AXX14m7WrFrlVqN7Vyo57HUQRH4AScARtcgAa4Bk3QAhg8gmfwCt6MJ+PFeDc+5q0FI585BH9gfP4ABseZdw==</latexit>

xj , pj

<latexit sha1_base64="IMFkxfQUxkzrhQE+GW3ttE0LZZs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKdhjwYvHCvYD2mXJptk2bTYbkqxYlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL5ScaeO6305hY3Nre6e4W9rbPzg8Kh+ftHWSKkJbJOGJ6oZYU84EbRlmOO1KRXEcctoJJ7dzv/NIlWaJeDBTSf0YDwWLGMHGSp2nYHwlg3FQrrhVdwG0TrycVCBHMyh/9QcJSWMqDOFY657nSuNnWBlGOJ2V+qmmEpMJHtKepQLHVPvZ4twZurDKAEWJsiUMWqi/JzIcaz2NQ9sZYzPSq95c/M/rpSaq+xkTMjVUkOWiKOXIJGj+OxowRYnhU0swUczeisgIK0yMTahkQ/BWX14n7euqV6vW7muVRj2PowhncA6X4MENNOAOmtACAhN4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/GQyPYw==</latexit>

R = (x1, p1, ..., xm, pm)

<latexit sha1_base64="vTvjTijwBmOdst5W46HZ14cMhzQ=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoUEIiBbsRCm5cVrEPaEOYTCft0JkkzEykJXTrxl9x40IRt/6BO//GSZuFth64cDjnXu69x48Zlcq2v43C2vrG5lZxu7Szu7d/YB4etWWUCExaOGKR6PpIEkZD0lJUMdKNBUHcZ6Tjj68zv/NAhKRReK+mMXE5GoY0oBgpLXkm7HOkRn6Q3s2uKhPPqca6LMuqTjyuOT/3zLJt2XPAVeLkpAxyND3zqz+IcMJJqDBDUvYcO1ZuioSimJFZqZ9IEiM8RkPS0zREnEg3nX8yg2daGcAgErpCBefq74kUcSmn3Ned2d1y2cvE/7xeooK6m9IwThQJ8WJRkDCoIpjFAgdUEKzYVBOEBdW3QjxCAmGlwyvpEJzll1dJ+8JyalbttlZu1PM4iuAEnIIKcMAlaIAb0AQtgMEjeAav4M14Ml6Md+Nj0Vow8plj8AfG5w+XMJhQ</latexit>

[Rj , Rk] = i⌦jk

<latexit sha1_base64="XDCdYrFxufWs5dCi8wfOixAArv4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCi1ISKdiNUHDjzlrsA5IQJtNJO81MEmYmQgl146+4caGIW//CnX/j9LHQ1gMXDufcy733BCmjUlnWt7Gyura+sVnYKm7v7O7tmweHbZlkApMWTlgiugGShNGYtBRVjHRTQRAPGOkE0fXE7zwQIWkS36tRSjyO+jENKUZKS7557DT9YbnpR94VdcvuLSd95OfDaOybJatiTQGXiT0nJTBHwze/3F6CM05ihRmS0rGtVHk5EopiRsZFN5MkRThCfeJoGiNOpJdPPxjDM630YJgIXbGCU/X3RI64lCMe6E6O1EAuehPxP8/JVFjzchqnmSIxni0KMwZVAidxwB4VBCs20gRhQfWtEA+QQFjp0Io6BHvx5WXSvqjY1Ur1rlqq1+ZxFMAJOAXnwAaXoA5uQAO0AAaP4Bm8gjfjyXgx3o2PWeuKMZ85An9gfP4AlHCWUg==</latexit>

N :=
mX

j=1

a†jaj

<latexit sha1_base64="Q8r44C0e+jePkd8e7cZF3M++iK0=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiuJAyIwWLUCi4cSUV7AU67ZBJ0zZtkhmSjFCG7t34Km5cKOLWF3Dn25i2s9DWHwIf/zmHk/MHEaNKO863lVlb39jcym7ndnb39g/sw6OGCmOJSR2HLJStACnCqCB1TTUjrUgSxANGmsH4elZvPhCpaCju9SQiHY4GgvYpRtpYvp2/vap4KuZ+Mqq4027Cp9458kddr4cGAyKhYd8uOEVnLrgKbgoFkKrm219eL8QxJ0JjhpRqu06kOwmSmmJGpjkvViRCeIwGpG1QIE5UJ5nfMoWnxunBfijNExrO3d8TCeJKTXhgOjnSQ7Vcm5n/1dqx7pc7CRVRrInAi0X9mEEdwlkwsEclwZpNDCAsqfkrxEMkEdYmvpwJwV0+eRUaF0W3VCzdlQrVchpHFpyAPDgDLrgEVXADaqAOMHgEz+AVvFlP1ov1bn0sWjNWOnMM/sj6/AE7mJqE</latexit>

⌦ :=
mM

s=1

✓
0 1
�1 0

◆

<latexit sha1_base64="Aor+6fkndgvLrtfAZidX5Cc1wWs="></latexit>



Phase space representation: displacement operators

Gaussian unitary channel: characterized by their induced action on the phase space:

symplectic unitaries

Problem: How well can we distinguish      from      ?

Gaussian unitary channels

R2m 3 z 7! D(z) ⌘ eiz
T .⌦R

<latexit sha1_base64="tCJHzKr1crMKI3Boxvo0Tyb/khY="></latexit>

Sp2m(R) := {S 2 M2m(R)| S ⌦ST = ⌦}

<latexit sha1_base64="qrspjYdPveU2TqQ4w3NIRdj+VKU="></latexit>

8S 2 Sp2m(R), z 7! Sz ) U †
SD(z)US = D(Sz)

<latexit sha1_base64="HvX/RoOT03wRTkDBID4JFinJSqs="></latexit>

S

<latexit sha1_base64="Cc9yMzg6Ckk16idL/n3dg2DnJ7U=">AAACCXicbVDJSgNBFOxxjXGLevQyGARPYUYC5hjw4jHBLEImhJ7Oi2nSy9D9RglDviBX/RBv4tWv8Dv8ATvLQRMLGoqq93jVFSeCWwyCL29jc2t7Zze3l98/ODw6LpyctqxODYMm00Kbh5haEFxBEzkKeEgMUBkLaMej25nffgJjuVYNHCfQlfRR8QFnFJ1Uv+8VikEpmMNfJ+GSFMkStV7hO+prlkpQyAS1thMGCXYzapAzAZN8lFpIKBvRR+g4qqgE283mQSf+pVP6/kAb9xT6c/X3RkaltWMZu0lJcWhXvZn4n9dJcVDpZlwlKYJii0ODVPio/dmv/T43wFCMHaHMcJfVZ0NqKEPXTT5S8My0lFT1IzRZpBMwFLWZhc8aZjJxLYWrnayT1nUpLJfK9XKxWln2lSPn5IJckZDckCq5IzXSJIwAmZIX8upNvTfv3ftYjG54y50z8gfe5w+qEpuA</latexit>

S0

<latexit sha1_base64="fsXlGybMewyiJKj6yb+BQnkTrLQ=">AAACCnicbVBLSgNBFOzxG+Mv6tLNYBBdhRkJmGXAjcuoSQxkQujpvNHG/gzdb5Qw5AbZ6kHciVsv4Tm8gJ3PQo0FDUXVe7zqilPBLQbBp7e0vLK6tl7YKG5ube/slvb221ZnhkGLaaFNJ6YWBFfQQo4COqkBKmMBt/HDxcS/fQRjuVZNHKbQk/RO8YQzik66vjnpl8pBJZjCXyThnJTJHI1+6SsaaJZJUMgEtbYbBin2cmqQMwGjYpRZSCl7oHfQdVRRCbaXT5OO/GOnDPxEG/cU+lP150ZOpbVDGbtJSfHe/vUm4n9eN8Ok1su5SjMExWaHkkz4qP3Jt/0BN8BQDB2hzHCX1Wf31FCGrpxipOCJaSmpGkRo8kinYChqMwmfN81o5FoK/3aySNpnlbBaqV5Vy/XavK8COSRH5JSE5JzUySVpkBZhJCFj8kxevLH36r1577PRJW++c0B+wfv4Bg+cm7E=</latexit>



Toolbox: Quantum speed limits
Quantum speed limits: How long does it take for to satisfy      ?  

Conditions (relative boundedness): 

Recall:

(
Ut := e�itH

Vt := e�itH
0

<latexit sha1_base64="QOGg6iYpH2TLEgkP+Xogbseyzxg="></latexit>

h ||H|| i  ↵ h |H0| i+ �k| ik2 , 8| i 2 dom(
p

H0)

k(H �H
0)| ik  � kH| ik+ �k| ik , 8| i 2 dom(H0)

<latexit sha1_base64="mDbVsb9XpK8Z/I/dsVToK7OEQuY="></latexit>

Theorem: kUt � VtkH0,E
⇧  2

p
2
p

↵E + �
p
� t+ � t

<latexit sha1_base64="UDDG+H72QhYVdcFg6lyAqLPTmUM="></latexit>

| ti = eitH | 0i

<latexit sha1_base64="fERUh0+3VQ1kZn6SClIIT8waTs4=">AAACDnicbZA9SwNBEIb3/IzxK2ppsxgCVuFOAqYRAjYpI5gPSGLY20ySJXt7x+6cEM78Ahv/io2FIrbWdv4bN8kVmvjCwsszM8zO60dSGHTdb2dtfWNzazuzk93d2z84zB0dN0wYaw51HspQt3xmQAoFdRQooRVpYIEvoemPr2f15j1oI0J1i5MIugEbKjEQnKFFvVzhoRMZ0cOOZmoo4QruEoG0Ol1gN8W9XN4tunPRVeOlJk9S1Xq5r04/5HEACrlkxrQ9N8JuwjQKLmGa7cQGIsbHbAhtaxULwHST+TlTWrCkTwehtk8hndPfEwkLjJkEvu0MGI7Mcm0G/6u1YxyUu4lQUYyg+GLRIJYUQzrLhvaFBo5yYg3jWti/Uj5imnG0CWZtCN7yyaumcVH0SsXSTSlfKadxZMgpOSPnxCOXpEKqpEbqhJNH8kxeyZvz5Lw4787HonXNSWdOyB85nz/+Tpyr</latexit>

h t| 0i = 0

<latexit sha1_base64="nsfrofMNOz2N2aCbARyfzdWVqQQ=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JIwV6EghePFWwrNCFsttN26WYTdjdCiT158a948aCIV3+DN/+N2zQHbX0wzOO9GXbnhQlnSjvOt1VaWV1b3yhvVra2d3b37P2DjopTSaFNYx7Lu5Ao4ExAWzPN4S6RQKKQQzccX8387j1IxWJxqycJ+BEZCjZglGgjBfaxx4kYcvASxQL9kDfHk7l26QR21ak5OfAycQtSRQVagf3l9WOaRiA05USpnusk2s+I1IxymFa8VEFC6JgMoWeoIBEoP8vPmOJTo/TxIJamhMa5+nsjI5FSkyg0kxHRI7XozcT/vF6qBw0/YyJJNQg6f2iQcqxjPMsE95kEqvnEEEIlM3/FdEQkodokVzEhuIsnL5POec2t1+o39WqzUcRRRkfoBJ0hF12gJrpGLdRGFD2iZ/SK3qwn68V6tz7moyWr2DlEf2B9/gBlJJkJ</latexit>

kU � VkH,E

⇧ = 2
r

1� inf
h |H| iE

|h |U †V | i|2

<latexit sha1_base64="ZyF9ScLyHphQthx1+6nFYactcoE="></latexit>



Quantum speed limits can certainly be used to distinguish symplectic unitaries for 

Problem: non-compact  non-surjective

Polar decomposition: 

Back to symplectic unitaries

US , US0

<latexit sha1_base64="CSpzM0W32Z62O0b8AglLlYM+nGg=">AAAB9HicbVBNT8JAEJ36ifiFevSykRg9ENIaEjmSePGIwQIJNM122cKG7bbubklIw+/w4kFjvPpjvPlvXKAHBV8yyct7M5mZFyScKW3b39bG5tb2zm5hr7h/cHh0XDo5bas4lYS6JOax7AZYUc4EdTXTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSJ7rtyqoX3H9rHU180tlu2ovgNaJk5My5Gj6pa/+ICZpRIUmHCvVc+xEexmWmhFOZ8V+qmiCyRgPac9QgSOqvGxx9AxdGmWAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHda9jIkk1VSQ5aIw5UjHaJ4AGjBJieZTQzCRzNyKyAhLTLTJqWhCcFZfXiftm6pTq9YeauVGPY+jAOdwAdfgwC004B6a4AKBJ3iGV3izJtaL9W59LFs3rHzmDP7A+vwBE5eQ+g==</latexit>

S ⇠ S0

<latexit sha1_base64="Zf0PNffzNy/w9tXrHOmbQwAFZLs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbRU9mVgj0WvHis1H5Au5Rsmm1Dk+yaZIWy9E948aCIV/+ON/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWys1GsNNBOodTksV9yquwBaJ15OKpCjOSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4t45urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsK6nzIZJ4ZKslwUJhyZCGXPoxFTlBg+swQTxeytiEywwsTYiEo2BG/15XXSua56tWrtvlZp1PM4inAG53AFHtxAA+6gCW0gwOEZXuHNeXRenHfnY9lacPKZU/gD5/MHIcCPWQ==</latexit>

Sp2m(R)

<latexit sha1_base64="jZ+AR/sDoPt3hpgGSwRubG0e4Uk=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUWom5KUgl0W3Lisjz6gCWEynbRDZzJhZiKUkL0bf8WNC0Xc+gPu/BsnbRbaeuDC4Zx7ufeeIKZEKtv+Nkobm1vbO+Xdyt7+weGReXzSlzwRCPcQp1wMAygxJRHuKaIoHsYCQxZQPAhmV7k/eMBCEh7dq3mMPQYnEQkJgkpLvll1eYwFVFxEkOH0Ls78tMmyusugmgZBeptd+GbNbtgLWOvEKUgNFOj65pc75ihhOFKIQilHjh0rL4VCEURxVnETiWOIZnCCR5rmi6WXLn7JrHOtjK2QC12Rshbq74kUMinnLNCd+Yly1cvF/7xRosK2l5IoThSO0HJRmFBLcSsPxhoTgZGic00gEkTfaqEpFBApHV9Fh+CsvrxO+s2G02q0blq1TruIowzOQBXUgQMuQQdcgy7oAQQewTN4BW/Gk/FivBsfy9aSUcycgj8wPn8AyiSbew==</latexit>

)

<latexit sha1_base64="mnADio/XAPfV4S8s6Q0u04nXBbM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSsMeCF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLxzdzvPDJtuJIPOElZmJCh5DGnBK0U9O75cIREa/XUL1e8qreAu078nFQgR7Nf/uoNFM0SJpEKYkzgeymGU6KRU8FmpV5mWEromAxZYKkkCTPhdHHyzL2wysCNlbYl0V2ovyemJDFmkkS2MyE4MqveXPzPCzKM6+GUyzRDJulyUZwJF5U7/98dcM0oioklhGpub3XpiGhC0aZUsiH4qy+vk/ZV1a9Va3e1SqOex1GEMziHS/DhGhpwC01oAQUFz/AKbw46L86787FsLTj5zCn8gfP5A5BfkWo=</latexit>

exp : sp2m(R) ! Sp2m(R)

<latexit sha1_base64="ZW7wVpVW+pCbsOALUlII2tlDXwo=">AAACQ3icbVC7SgNBFJ31GeMrammzGARtwq4EDFYBG8v4SBSzIcxObsyQ2Z1h5q4Ylv03G3/Azh+wsVDEVnA2pjDqgYHDOedy75xQCW7Q856cmdm5+YXFwlJxeWV1bb20sdkyMtEMmkwKqa9CakDwGJrIUcCV0kCjUMBlODzO/ctb0IbL+AJHCjoRvYl5nzOKVuqWrgOpQFOUOqYRpHCnsqNpyaismx5E2V4QURyEYXqW7Qcop0Pn/4S6pbJX8cZw/xJ/Qspkgka39Bj0JEsiiJEJakzb9xR2UqqRMwFZMUgMKMqG9AbaluaLTScdd5C5u1bpuX2p7YvRHas/J1IaGTOKQpvMTzS/vVz8z2sn2K91Uh6rBCFm34v6iXBRunmhbo9rYChGllCmub3VZQOqKUNbe9GW4P/+8l/SOqj41Ur1tFqu1yZ1FMg22SF7xCeHpE5OSIM0CSP35Jm8kjfnwXlx3p2P7+iMM5nZIlNwPr8ACAq0cQ==</latexit>

S = PO ,P 2 Pos2m(R) \ exp(sp2m(R)), O 2 O2m(R) \ exp(sp2m(R))

<latexit sha1_base64="LAoML/l1LvgNtrY6sVylwDdBLHw="></latexit>

Theorem: For any two symplectic unitaries ,US , US0

<latexit sha1_base64="CSpzM0W32Z62O0b8AglLlYM+nGg=">AAAB9HicbVBNT8JAEJ36ifiFevSykRg9ENIaEjmSePGIwQIJNM122cKG7bbubklIw+/w4kFjvPpjvPlvXKAHBV8yyct7M5mZFyScKW3b39bG5tb2zm5hr7h/cHh0XDo5bas4lYS6JOax7AZYUc4EdTXTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSJ7rtyqoX3H9rHU180tlu2ovgNaJk5My5Gj6pa/+ICZpRIUmHCvVc+xEexmWmhFOZ8V+qmiCyRgPac9QgSOqvGxx9AxdGmWAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHda9jIkk1VSQ5aIw5UjHaJ4AGjBJieZTQzCRzNyKyAhLTLTJqWhCcFZfXiftm6pTq9YeauVGPY+jAOdwAdfgwC004B6a4AKBJ3iGV3izJtaL9W59LFs3rHzmDP7A+vwBE5eQ+g==</latexit>

kSk1, kS0k1  r

<latexit sha1_base64="uIwiJPx8FqT4NevVYmqZ6++BPwM="></latexit>

kUS � US0kN,E
⇧  c

p
mE r

p
k(S0)�1S � Ik2

<latexit sha1_base64="BVH8UBNL7NN2iWQiXmpF4hR1akw="></latexit>

S ⇠ I ) US = eiP2(R)

<latexit sha1_base64="pUkV5C9bGO8Vbvcm429QEMI711w="></latexit>



Quantum speed limits can certainly be used to distinguish symplectic unitaries for 

Problem: non-compact  non-surjective

Polar decomposition: 

Back to symplectic unitaries

US , US0

<latexit sha1_base64="CSpzM0W32Z62O0b8AglLlYM+nGg=">AAAB9HicbVBNT8JAEJ36ifiFevSykRg9ENIaEjmSePGIwQIJNM122cKG7bbubklIw+/w4kFjvPpjvPlvXKAHBV8yyct7M5mZFyScKW3b39bG5tb2zm5hr7h/cHh0XDo5bas4lYS6JOax7AZYUc4EdTXTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSJ7rtyqoX3H9rHU180tlu2ovgNaJk5My5Gj6pa/+ICZpRIUmHCvVc+xEexmWmhFOZ8V+qmiCyRgPac9QgSOqvGxx9AxdGmWAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHda9jIkk1VSQ5aIw5UjHaJ4AGjBJieZTQzCRzNyKyAhLTLTJqWhCcFZfXiftm6pTq9YeauVGPY+jAOdwAdfgwC004B6a4AKBJ3iGV3izJtaL9W59LFs3rHzmDP7A+vwBE5eQ+g==</latexit>

S ⇠ S0

<latexit sha1_base64="Zf0PNffzNy/w9tXrHOmbQwAFZLs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbRU9mVgj0WvHis1H5Au5Rsmm1Dk+yaZIWy9E948aCIV/+ON/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWys1GsNNBOodTksV9yquwBaJ15OKpCjOSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4t45urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsK6nzIZJ4ZKslwUJhyZCGXPoxFTlBg+swQTxeytiEywwsTYiEo2BG/15XXSua56tWrtvlZp1PM4inAG53AFHtxAA+6gCW0gwOEZXuHNeXRenHfnY9lacPKZU/gD5/MHIcCPWQ==</latexit>

Sp2m(R)

<latexit sha1_base64="jZ+AR/sDoPt3hpgGSwRubG0e4Uk=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUWom5KUgl0W3Lisjz6gCWEynbRDZzJhZiKUkL0bf8WNC0Xc+gPu/BsnbRbaeuDC4Zx7ufeeIKZEKtv+Nkobm1vbO+Xdyt7+weGReXzSlzwRCPcQp1wMAygxJRHuKaIoHsYCQxZQPAhmV7k/eMBCEh7dq3mMPQYnEQkJgkpLvll1eYwFVFxEkOH0Ls78tMmyusugmgZBeptd+GbNbtgLWOvEKUgNFOj65pc75ihhOFKIQilHjh0rL4VCEURxVnETiWOIZnCCR5rmi6WXLn7JrHOtjK2QC12Rshbq74kUMinnLNCd+Yly1cvF/7xRosK2l5IoThSO0HJRmFBLcSsPxhoTgZGic00gEkTfaqEpFBApHV9Fh+CsvrxO+s2G02q0blq1TruIowzOQBXUgQMuQQdcgy7oAQQewTN4BW/Gk/FivBsfy9aSUcycgj8wPn8AyiSbew==</latexit>

)

<latexit sha1_base64="mnADio/XAPfV4S8s6Q0u04nXBbM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSsMeCF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLxzdzvPDJtuJIPOElZmJCh5DGnBK0U9O75cIREa/XUL1e8qreAu078nFQgR7Nf/uoNFM0SJpEKYkzgeymGU6KRU8FmpV5mWEromAxZYKkkCTPhdHHyzL2wysCNlbYl0V2ovyemJDFmkkS2MyE4MqveXPzPCzKM6+GUyzRDJulyUZwJF5U7/98dcM0oioklhGpub3XpiGhC0aZUsiH4qy+vk/ZV1a9Va3e1SqOex1GEMziHS/DhGhpwC01oAQUFz/AKbw46L86787FsLTj5zCn8gfP5A5BfkWo=</latexit>

exp : sp2m(R) ! Sp2m(R)

<latexit sha1_base64="ZW7wVpVW+pCbsOALUlII2tlDXwo=">AAACQ3icbVC7SgNBFJ31GeMrammzGARtwq4EDFYBG8v4SBSzIcxObsyQ2Z1h5q4Ylv03G3/Azh+wsVDEVnA2pjDqgYHDOedy75xQCW7Q856cmdm5+YXFwlJxeWV1bb20sdkyMtEMmkwKqa9CakDwGJrIUcCV0kCjUMBlODzO/ctb0IbL+AJHCjoRvYl5nzOKVuqWrgOpQFOUOqYRpHCnsqNpyaismx5E2V4QURyEYXqW7Qcop0Pn/4S6pbJX8cZw/xJ/Qspkgka39Bj0JEsiiJEJakzb9xR2UqqRMwFZMUgMKMqG9AbaluaLTScdd5C5u1bpuX2p7YvRHas/J1IaGTOKQpvMTzS/vVz8z2sn2K91Uh6rBCFm34v6iXBRunmhbo9rYChGllCmub3VZQOqKUNbe9GW4P/+8l/SOqj41Ur1tFqu1yZ1FMg22SF7xCeHpE5OSIM0CSP35Jm8kjfnwXlx3p2P7+iMM5nZIlNwPr8ACAq0cQ==</latexit>

S = PO ,P 2 Pos2m(R) \ exp(sp2m(R)), O 2 O2m(R) \ exp(sp2m(R))

<latexit sha1_base64="LAoML/l1LvgNtrY6sVylwDdBLHw="></latexit>

Theorem: For any two symplectic unitaries ,US , US0

<latexit sha1_base64="CSpzM0W32Z62O0b8AglLlYM+nGg=">AAAB9HicbVBNT8JAEJ36ifiFevSykRg9ENIaEjmSePGIwQIJNM122cKG7bbubklIw+/w4kFjvPpjvPlvXKAHBV8yyct7M5mZFyScKW3b39bG5tb2zm5hr7h/cHh0XDo5bas4lYS6JOax7AZYUc4EdTXTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSJ7rtyqoX3H9rHU180tlu2ovgNaJk5My5Gj6pa/+ICZpRIUmHCvVc+xEexmWmhFOZ8V+qmiCyRgPac9QgSOqvGxx9AxdGmWAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHda9jIkk1VSQ5aIw5UjHaJ4AGjBJieZTQzCRzNyKyAhLTLTJqWhCcFZfXiftm6pTq9YeauVGPY+jAOdwAdfgwC004B6a4AKBJ3iGV3izJtaL9W59LFs3rHzmDP7A+vwBE5eQ+g==</latexit>

kSk1, kS0k1  r

<latexit sha1_base64="uIwiJPx8FqT4NevVYmqZ6++BPwM="></latexit>

kUS � US0kN,E
⇧  c

p
mE r

p
k(S0)�1S � Ik2

<latexit sha1_base64="BVH8UBNL7NN2iWQiXmpF4hR1akw="></latexit>

Maximum squeezing

S ⇠ I ) US = eiP2(R)

<latexit sha1_base64="pUkV5C9bGO8Vbvcm429QEMI711w="></latexit>



(iii) A Gaussian Solovay-Kitaev theorem



Quantum computing with qubits

U

<latexit sha1_base64="/k3lUascF5p42EaKqn/o9eikeSI=">AAACCXicbVBLSgNBFOzxG+Mv6tLNYBBchRkJ6DLoxmUCmUTIhNDTeYmN/Rm63yhhyAmy1YO4E7eewnN4ATufhSYWNBRV7/GqK0kFtxgEX97a+sbm1nZhp7i7t39wWDo6blmdGQYR00Kb+4RaEFxBhBwF3KcGqEwEtJPH26nffgJjuVZNHKXQlXSo+IAzik5qRL1SOagEM/irJFyQMlmg3it9x33NMgkKmaDWdsIgxW5ODXImYFyMMwspZY90CB1HFZVgu/ks6Ng/d0rfH2jjnkJ/pv7eyKm0diQTNykpPthlbyr+53UyHFx3c67SDEGx+aFBJnzU/vTXfp8bYChGjlBmuMvqswdqKEPXTTFW8My0lFT1YzR5rFMwFLWZhs+bZjx2LYXLnayS1mUlrFaqjWq5drPoq0BOyRm5ICG5IjVyR+okIowAmZAX8upNvDfv3fuYj655i50T8gfe5w+wXpuM</latexit>

Universal gate set: ex: = {H, π/8, CNOT} [Boykin et. Al 1999]

⇠

<latexit sha1_base64="JEpkhaHFZntunKfSBOGnK+Pofck=">AAACDHicbVDLSsNAFJ34rPVVdekmWARXJZGCLotuXFboC5pSJtPbdug8wsyNUkJ/oVv9EHfi1n/wO/wBkzYLbT0wcDjnXu6ZE0aCW/S8L2djc2t7Z7ewV9w/ODw6Lp2ctqyODYMm00KbTkgtCK6giRwFdCIDVIYC2uHkPvPbT2As16qB0wh6ko4UH3JGMZMCy2W/VPYq3gLuOvFzUiY56v3SdzDQLJagkAlqbdf3Iuwl1CBnAmbFILYQUTahI+imVFEJtpcsss7cy1QZuENt0qfQXai/NxIqrZ3KMJ2UFMd21cvE/7xujMPbXsJVFCMotjw0jIWL2s0+7g64AYZimhLKDE+zumxMDWWY1lMMFDwzLSVVgwBNEugIDEVtsvBJw8xmaUv+aifrpHVd8auV6mO1XLvL+yqQc3JBrohPbkiNPJA6aRJGxmROXsirM3fenHfnYzm64eQ7Z+QPnM8fSpOc+g==</latexit>

G

<latexit sha1_base64="y3wkup13WTWpU8g0+tNSJ9rig90=">AAACE3icbVDLSgNBEJyNrxhfUY9eFoPgKexKwBwFD3qMkEQhG6R30olD5rHM9CphyWd41Q/xJl79AL/DH3A35qDRgoGiqpuuqTiRwlEQfHilpeWV1bXyemVjc2t7p7q713UmtRw73Ehjb2JwKIXGDgmSeJNYBBVLvI7H54V/fY/WCaPbNEmwr2CkxVBwoFzqRQrojoPMLqa31VpQD2bw/5JwTmpsjtZt9TMaGJ4q1MQlONcLg4T6GVgSXOK0EqUOE+BjGGEvpxoUun42izz1j3Jl4A+NzZ8mf6b+3MhAOTdRcT5ZRHSLXiH+5/VSGjb7mdBJSqj596FhKn0yfvF/fyAscpKTnAC3Is/q8zuwwClvqRJpfOBGKdCDiGwWmQQtkLFF+Kxtp0VL4WInf0n3pB426o2rRu2sOe+rzA7YITtmITtlZ+yStViHcWbYI3tiz96j9+K9em/foyVvvrPPfsF7/wL/BaAG</latexit>



Quantum computing with qubits

U

<latexit sha1_base64="/k3lUascF5p42EaKqn/o9eikeSI=">AAACCXicbVBLSgNBFOzxG+Mv6tLNYBBchRkJ6DLoxmUCmUTIhNDTeYmN/Rm63yhhyAmy1YO4E7eewnN4ATufhSYWNBRV7/GqK0kFtxgEX97a+sbm1nZhp7i7t39wWDo6blmdGQYR00Kb+4RaEFxBhBwF3KcGqEwEtJPH26nffgJjuVZNHKXQlXSo+IAzik5qRL1SOagEM/irJFyQMlmg3it9x33NMgkKmaDWdsIgxW5ODXImYFyMMwspZY90CB1HFZVgu/ks6Ng/d0rfH2jjnkJ/pv7eyKm0diQTNykpPthlbyr+53UyHFx3c67SDEGx+aFBJnzU/vTXfp8bYChGjlBmuMvqswdqKEPXTTFW8My0lFT1YzR5rFMwFLWZhs+bZjx2LYXLnayS1mUlrFaqjWq5drPoq0BOyRm5ICG5IjVyR+okIowAmZAX8upNvDfv3fuYj655i50T8gfe5w+wXpuM</latexit>

Universal gate set: ex: = {H, π/8, CNOT} [Boykin et. Al 1999]

Efficiency: Assume     is closed under taking inverses. 

Theorem [Solovay 1995, Kitaev 1997] 

⇠

<latexit sha1_base64="JEpkhaHFZntunKfSBOGnK+Pofck=">AAACDHicbVDLSsNAFJ34rPVVdekmWARXJZGCLotuXFboC5pSJtPbdug8wsyNUkJ/oVv9EHfi1n/wO/wBkzYLbT0wcDjnXu6ZE0aCW/S8L2djc2t7Z7ewV9w/ODw6Lp2ctqyODYMm00KbTkgtCK6giRwFdCIDVIYC2uHkPvPbT2As16qB0wh6ko4UH3JGMZMCy2W/VPYq3gLuOvFzUiY56v3SdzDQLJagkAlqbdf3Iuwl1CBnAmbFILYQUTahI+imVFEJtpcsss7cy1QZuENt0qfQXai/NxIqrZ3KMJ2UFMd21cvE/7xujMPbXsJVFCMotjw0jIWL2s0+7g64AYZimhLKDE+zumxMDWWY1lMMFDwzLSVVgwBNEugIDEVtsvBJw8xmaUv+aifrpHVd8auV6mO1XLvL+yqQc3JBrohPbkiNPJA6aRJGxmROXsirM3fenHfnYzm64eQ7Z+QPnM8fSpOc+g==</latexit>

G

<latexit sha1_base64="y3wkup13WTWpU8g0+tNSJ9rig90=">AAACE3icbVDLSgNBEJyNrxhfUY9eFoPgKexKwBwFD3qMkEQhG6R30olD5rHM9CphyWd41Q/xJl79AL/DH3A35qDRgoGiqpuuqTiRwlEQfHilpeWV1bXyemVjc2t7p7q713UmtRw73Ehjb2JwKIXGDgmSeJNYBBVLvI7H54V/fY/WCaPbNEmwr2CkxVBwoFzqRQrojoPMLqa31VpQD2bw/5JwTmpsjtZt9TMaGJ4q1MQlONcLg4T6GVgSXOK0EqUOE+BjGGEvpxoUun42izz1j3Jl4A+NzZ8mf6b+3MhAOTdRcT5ZRHSLXiH+5/VSGjb7mdBJSqj596FhKn0yfvF/fyAscpKTnAC3Is/q8zuwwClvqRJpfOBGKdCDiGwWmQQtkLFF+Kxtp0VL4WInf0n3pB426o2rRu2sOe+rzA7YITtmITtlZ+yStViHcWbYI3tiz96j9+K9em/foyVvvrPPfsF7/wL/BaAG</latexit>

For any U 2 SU(2), and all � > 0, there exists a finite concatenation U 0 of
polylog(��1) elements from a universal gate set G, which can be found in time
polylog(��1) and such that

<latexit sha1_base64="9grGsRLTE3LVqoQk2ZWKjBOIB5s="></latexit>

G

<latexit sha1_base64="y3wkup13WTWpU8g0+tNSJ9rig90=">AAACE3icbVDLSgNBEJyNrxhfUY9eFoPgKexKwBwFD3qMkEQhG6R30olD5rHM9CphyWd41Q/xJl79AL/DH3A35qDRgoGiqpuuqTiRwlEQfHilpeWV1bXyemVjc2t7p7q713UmtRw73Ehjb2JwKIXGDgmSeJNYBBVLvI7H54V/fY/WCaPbNEmwr2CkxVBwoFzqRQrojoPMLqa31VpQD2bw/5JwTmpsjtZt9TMaGJ4q1MQlONcLg4T6GVgSXOK0EqUOE+BjGGEvpxoUun42izz1j3Jl4A+NzZ8mf6b+3MhAOTdRcT5ZRHSLXiH+5/VSGjb7mdBJSqj596FhKn0yfvF/fyAscpKTnAC3Is/q8zuwwClvqRJpfOBGKdCDiGwWmQQtkLFF+Kxtp0VL4WInf0n3pB426o2rRu2sOe+rzA7YITtmITtlZ+yStViHcWbYI3tiz96j9+K9em/foyVvvrPPfsF7/wL/BaAG</latexit>

kU � U 0k1 < �

<latexit sha1_base64="RXgHYEAPDjY7QsyC9r2yPxuongw=">AAAB/3icbVBNS8NAEN34WetXVfDiZbGIXiyJFOzBQ8GLxwqmLTSlbDabdulmE3YnQkl78K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5fiK4Btv+tlZW19Y3Ngtbxe2d3b390sFhU8eposylsYhV2yeaCS6ZCxwEayeKkcgXrOUPb6d+65EpzWP5AKOEdSPSlzzklICReqVjb+xeuufeuOdxGcLoxguYANIrle2KPQNeJk5OyihHo1f68oKYphGTQAXRuuPYCXQzooBTwSZFL9UsIXRI+qxjqCQR091sdv8EnxklwGGsTEnAM/X3REYirUeRbzojAgO96E3F/7xOCmGtm3GZpMAknS8KU4EhxtMwcMAVoyBGhhCquLkV0wFRhIKJrGhCcBZfXibNq4pTrVTvq+V6LY+jgE7QKbpADrpGdXSHGshFFI3RM3pFb9aT9WK9Wx/z1hUrnzlCf2B9/gB0c5W5</latexit>



Quantum computing with continuous variables
Universality: 

[Lloyd & Braunstein 1999] : Universality in the sense of approximations of unitaries
of finite degree d.

= {translations, phase shifts, squeezers} generates all quadratic Hamiltonians
+ {        }: any higher degree achievable.

[Barlett, Sanders, Braunstein & Nemoto 2002] d=2? “Gaussian circuits are classically simulatable” 

Efficiency?

G2

<latexit sha1_base64="P3WOfZgnw2Mccl+wKwYeFRj/Klo=">AAACFXicbVBNSxtRFH0Tbavph9EuuxkMha7CTAiYpeCiXSoYI2SGcOflxjzyPsb37ihhmN/htv6Q7opb1/6O/oG+SWZhtQcuHM65l3s4WS6Foyh6Clpb22/evtvZbb//8PHTXmf/4MKZwnIccSONvczAoRQaRyRI4mVuEVQmcZwtT2p/fIPWCaPPaZVjquBKi7ngQF5KEwW04CDL79W0P+10o160RviaxA3psgan086fZGZ4oVATl+DcJI5ySkuwJLjEqp0UDnPgS7jCiacaFLq0XIeuwq9emYVzY/1oCtfq84sSlHMrlfnNOqR76dXi/7xJQfNhWgqdF4Sabx7NCxmSCesGwpmwyEmuPAFuhc8a8gVY4OR7aicab7lRCvQsIVsmJkcLZGwdvjy3VeVbil928ppc9HvxoDc4G3SPh01fO+wLO2TfWMyO2DH7wU7ZiHF2ze7YT3Yf3AW/gt/Bw2a1FTQ3n9k/CB7/AkEVoKs=</latexit>

Q3

<latexit sha1_base64="gmWTSOqoNq9QsoLHK+79Xny+t+Q=">AAACC3icbVDJTgJBFOxxRdxQj14mEhNPZEZJ5EjixSNEERIGSU/zgA69TLrfaMiET+CqH+LNePUj/A5/wGY5uFXSSaXqvbzqihPBLQbBh7eyura+sZnbym/v7O7tFw4O76xODYMG00KbVkwtCK6ggRwFtBIDVMYCmvHoauY3H8BYrtUtjhPoSDpQvM8ZRSfd1O8vuoViUArm8P+ScEmKZIlat/AZ9TRLJShkglrbDoMEOxk1yJmAST5KLSSUjegA2o4qKsF2snnUiX/qlJ7f18Y9hf5c/b6RUWntWMZuUlIc2t/eTPzPa6fYr3QyrpIUQbHFoX4qfNT+7N9+jxtgKMaOUGa4y+qzITWUoWsnHyl4ZFpKqnoRmizSCRiK2szCZ7dmMnEthb87+UvuzkthuVSul4vVyrKvHDkmJ+SMhOSSVMk1qZEGYWRApuSJPHtT78V79d4WoyvecueI/ID3/gXgWJwj</latexit>

U = eiPoly(R)

<latexit sha1_base64="rZKyTOLSv1GPSK5gFM+yS5BNHLc=">AAACD3icbVBNS8NAEN3Ur1q/oh69BItSLyWRgr0IBS8eq9gPaGLZbCft0k027G6EEvIPvPhXvHhQxKtXb/4bN20P2vpg4PHeDDPz/JhRqWz72yisrK6tbxQ3S1vbO7t75v5BW/JEEGgRzrjo+lgCoxG0FFUMurEAHPoMOv74Kvc7DyAk5dGdmsTghXgY0YASrLTUN09bl3CfUpfHILDiIsIhpE3OJlnFDbEa+UF6m51lfbNsV+0prGXizEkZzdHsm1/ugJMkhEgRhqXsOXasvBQLRQmDrOQmEmJMxngIPU3ztdJLp/9k1olWBlbAha5IWVP190SKQyknoa878xvlopeL/3m9RAV1L6VRnCiIyGxRkDBLcSsPxxpQAUSxiSaYCKpvtcgIC0yUjrCkQ3AWX14m7fOqU6vWbmrlRn0eRxEdoWNUQQ66QA10jZqohQh6RM/oFb0ZT8aL8W58zFoLxnzmEP2B8fkDEFedSA==</latexit>



The Gaussian Solovay-Kitaev theorem
Here we are interested in efficiently approximating symplectic unitaries        where  

Physical interpretation: measures the amount of squeezing induced by  

Fix       to be any finite generating subset of             containing inverses of its elements. 

In practice, any gate set generating the group of passive Gaussian unitary and an arbitrary 
non-passive Gaussian unitary will do.

Theorem [Becker, Datta, Lami, CR 2020]

US

<latexit sha1_base64="vXtWpwXsi5UXeIJrgoOSo68e+Bs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx4rNW2hDWWz3bZLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwkQKg6777RS2tnd294r7pYPDo+OT8ulZ28SpZtxnsYx1N6SGS6G4jwIl7yaa0yiUvBNO7xZ+54lrI2L1iLOEBxEdKzESjKKVWv6gNShX3Kq7BNkkXk4qkKM5KH/1hzFLI66QSWpMz3MTDDKqUTDJ56V+anhC2ZSOec9SRSNugmx56pxcWWVIRrG2pZAs1d8TGY2MmUWh7YwoTsy6txD/83opjupBJlSSIldstWiUSoIxWfxNhkJzhnJmCWVa2FsJm1BNGdp0SjYEb/3lTdK+qXq1au2hVmnU8ziKcAGXcA0e3EID7qEJPjAYwzO8wpsjnRfn3flYtRacfOYc/sD5/AEJKo2c</latexit>

S 2 Spr2m := {S 2 Sp2m(R), kSk1  r}

<latexit sha1_base64="z8VnQ/qZRzMqJjjTatKFmR+pAFs="></latexit>

kUS � US0kN,E
⇧  c

p
mr

3
2

p
E
p
�

<latexit sha1_base64="6cY/LGI6sd/K4tVcfJsMiQGE/L8="></latexit>

kSk1

<latexit sha1_base64="JTD8fuKUfqBJ9FCLYwugyf5wQyg=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lUQK9ljw4rGi/YAmlM120y7dbMLuRAhp/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJIJrdJxva2Nza3tnt7RX3j84PDqunJx2dJwqyto0FrHqBUQzwSVrI0fBeoliJAoE6waT27nffWJK81g+YpYwPyIjyUNOCRrJ86YP3nTgcRliNqhUnZqzgL1O3IJUoUBrUPnyhjFNIyaRCqJ133US9HOikFPBZmUv1SwhdEJGrG+oJBHTfr64eWZfGmVoh7EyJdFeqL8nchJpnUWB6YwIjvWqNxf/8/ophg0/5zJJkUm6XBSmwsbYngdgD7liFEVmCKGKm1ttOiaKUDQxlU0I7urL66RzXXPrtfp9vdpsFHGU4Bwu4ApcuIEm3EEL2kAhgWd4hTcrtV6sd+tj2bphFTNn8AfW5w9QLZHX</latexit>

S

<latexit sha1_base64="LJ+RkDyOjAH4SyWwSHJUAykVNoM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWOL9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHssHM03Qj+hI8pAzaqzUvB+Uym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppX1e8aqXarJbrtTyOApzDBVyBBzdQhztoQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBrWmM1A==</latexit>

G

<latexit sha1_base64="tf6LzsiFH9nXD/LPes6JtV/VZkY=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQKdllwocsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpVC8jQIl7yWa0yiQvBtMb3O/+8S1EbF6xFnC/YiOlQgFo2il/iCiOGFUZnfzYaXq1twFyDrxClKFAq1h5WswilkacYVMUmP6npugn1GNgkk+Lw9SwxPKpnTM+5YqGnHjZ4vIc3JplREJY22fQrJQf29kNDJmFgV2Mo9oVr1c/M/rpxg2/EyoJEWu2PKjMJUEY5LfT0ZCc4ZyZgllWtishE2opgxtS2Vbgrd68jrpXNe8eq3+UK82G0UdJTiHC7gCD26gCffQgjYwiOEZXuHNQefFeXc+lqMbTrFzBn/gfP4AeLCRWg==</latexit>

Spr2m

<latexit sha1_base64="awjWH1etjVyC7dgjfVry3kRBHws=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSCnZZcOOyon1AG8NkOmmHzmSGmYlQQtz4K25cKOLWv3Dn3zhps9DWAxcO59zLvfeEghKlXffbKq2tb2xulbcrO7t7+wf24VFX8UQi3EGcctkPocKUxLijiaa4LySGLKS4F06vcr/3gKUiPL7TM4F9BscxiQiC2kiBfTLkAkuouYwhw+mtyO5lkNZZFthVt+bO4awSryBVUKAd2F/DEUcJw7FGFCo18Fyh/RRKTRDFWWWYKCwgmsIxHhiar1N+Ov8gc86NMnIiLk3F2pmrvydSyJSasdB0MqgnatnLxf+8QaKjpp+SWCQax2ixKEqoo7mTx+GMiMRI05khEElibnXQBEqItAmtYkLwll9eJd16zWvUGjeNaqtZxFEGp+AMXAAPXIIWuAZt0AEIPIJn8ArerCfrxXq3PhatJauYOQZ/YH3+AHVUl4I=</latexit>

For any S 2 Spr2m and all � > 0, there exists a finite concatenation S0 of
polylog(��1) elements from G, which can be found in time polylog(��1) and
such that

<latexit sha1_base64="HackJ7GhGBInTXQ7dlZffVNV57Q="></latexit>



Gaussian SV theorem: proof idea

Proof: 2 ingredients:

1) Extension of the original SV theorem to1

2) Use of our bounds on energy constrained diamond norm in order to reduce to 1)

1. [Aharonov, Arad, Eban, Landau 2008] Extension of SV to 

{X 2 Sp2m(R), kXk1  r}

<latexit sha1_base64="E8QST3E9udoZH85przGIU8MuIfI="></latexit>

{X 2 SLd(R), kX � I k1  r}

<latexit sha1_base64="AZDruuK7e0q6V5LWraI3ZrTGrAI="></latexit>

kUS � US0kN,E
⇧  c

p
mr

3
2

p
E
p
�

<latexit sha1_base64="6cY/LGI6sd/K4tVcfJsMiQGE/L8="></latexit>

For any S 2 Spr2m and all � > 0, there exists a finite concatenation S0 of
polylog(��1) elements from G, which can be found in time polylog(��1) and
such that

<latexit sha1_base64="HackJ7GhGBInTXQ7dlZffVNV57Q="></latexit>

Theorem [Becker, Datta, Lami, CR 2020]

kUS � US0kN,E
⇧  c

p
mE r

p
k(S0)�1S � Ik2

<latexit sha1_base64="BVH8UBNL7NN2iWQiXmpF4hR1akw="></latexit>



Conclusions
Summary of results:

(i) Entanglement is not necessary when EC discriminating between unitaries

(ii) Perfect discrimination between unitaries possible at finite energy and with finite number
of copies

(iii) New quantum speed limits measuring the drift between two unitaries of unbounded
Hamiltonians

(iv) A Solovay-Kitaev theorem for symplectic unitaries

Future direction:

Necessary and sufficient conditions for perfect EC discrimination of non-unitary channels?
Bounds for Gaussian non-unitary (noisy) channels?
Etc…



Thank you for your attention!



H, dim(H) � 3

<latexit sha1_base64="6A5FZa7tzB6dLIW8MKPnTVi32jc="></latexit>

) kU � VkH,E

⇧ = 2
r

1� inf
h |H| iE

|h |U†V | i|2

<latexit sha1_base64="Yl4OmGdWjyBWoNRkZJySouCtlZY="></latexit>

Proof: By Schmidt decomposition, 

Remains to prove that infimum is achieved on pure states. 

Theorem (Au-Yeung, Poon 1979) For                and 
is convex.

Use it for , and conclude by        and 

kU � VkH,E

⇧ = 2
r

1� inf
Tr[⇢H]E

|Tr[⇢U†V ]|2

<latexit sha1_base64="gMYUvWdQG7pyclwttwqCZHu5EI0="></latexit>

d � 3

<latexit sha1_base64="D0aXd4t8cFRwY9PxvT83YMFjupA=">AAACDnicdVBLSgNBFOzxb/xFXbppDIKrMBOjyVJw41LBRCETpKfnJbb2Z+h+o4Qhd3CrB3Enbr2C5/ACdmIEFS1oKKre41VXkknhMAzfgqnpmdm5+YXF0tLyyupaeX2j7UxuObS4kcZeJMyBFBpaKFDCRWaBqUTCeXJzNPLPb8E6YfQZDjLoKtbXoic4Qy+107gPdO+yXAmrzVq432jSsBqOMSa1g2iPRhOlQiY4uSy/x6nhuQKNXDLnOlGYYbdgFgWXMCzFuYOM8RvWh46nmilw3WKcdkh3vJLSnrH+aaRj9ftGwZRzA5X4ScXwyv32RuJfXifHXrNbCJ3lCJp/HurlkqKho6/TVFjgKAeeMG6Fz0r5FbOMoy+oFGu440YpptMYbRGbDCxDY0fhizM7HPqWvqqg/5N2rRrVq/XTeuWwOelrgWyRbbJLItIgh+SYnJAW4eSa3JMH8hjcB0/Bc/DyOToVTHY2yQ8Erx82+p1o</latexit>

Z1, Z2, Z3 s.a.

<latexit sha1_base64="Ya52dspmFh3lJFhY84pvEoswQoc="></latexit>

(Z1, Z2, Z3) = (Re(U †
V ), Im(U†

V ), H)

<latexit sha1_base64="um00VEzfF6f7r8UBZ7NRXJWSIxo="></latexit>

F3 := {(h |Z1| i, h |Z2| i, h |Z3| i); | i 2 Cd}

<latexit sha1_base64="U86ogkzN4CsCCcc+enSZdje602M="></latexit>

(⇤)

<latexit sha1_base64="O/1WE/EkAr5V86FV4N89Kaa+DLw="></latexit>

(⇤)

<latexit sha1_base64="O/1WE/EkAr5V86FV4N89Kaa+DLw="></latexit>

inf
(x,y,z)2Conv(R3)

zE

x2 + y2 = inf
(x,y,z)2(R3)

zE

x2 + y2 (Au-Yeung, Poon)

<latexit sha1_base64="1ggG/8InFRUOAMGd2PxBUydL+F8="></latexit>



Proof: By the previous theorem, we need to prove that there exists an energy such that

Take tensor products of three eigenvectors of            whose eigenvalues triangularize   ,  approximate 
them by vectors in the domain of      . Conclude by Toeplitz-Hausdorff theorem.      

9E < 1, n 2 N s.t. kU⌦n � V⌦nkH
(n)

,E

⇧ = 2

<latexit sha1_base64="LjhEUepNE5W9wN9cpjCeQjWcL+s="></latexit>

0 2 {h |(U †
V )⌦n| i, h |H(n)| i  E}

<latexit sha1_base64="yM1Dw9zpg9wwTH1ps10uoFPi+G0="></latexit>

U †V

<latexit sha1_base64="c+dLCg/bslwN4KqivkoITb+Bfc0=">AAACE3icbVDLSiNBFK32NTG+Mrp0UxgEV6FbAroUZuMygolCOsrt6ptYWI+m6rYSmnyGW+dD3IlbP8DvmB+YSszC14GCwzn3ck+drFDSUxy/RQuLS8srv2qr9bX1jc2txu/tnrelE9gVVll3mYFHJQ12SZLCy8Ih6EzhRXb7Z+pf3KHz0ppzGhc40DAycigFUJD63as0h9EIHe9dN5pxK56BfyfJnDTZHJ3rxr80t6LUaEgo8L6fxAUNKnAkhcJJPS09FiBuYYT9QA1o9INqFnnC94OS86F14RniM/XjRgXa+7HOwqQGuvFfvan4k9cvaXg8qKQpSkIj3g8NS8XJ8un/eS4dClLjQEA4GbJycQMOBIWW6qnBe2G1BpOn5KrUFuiArJuGr87dZBJaSr528p30DltJu9U+azdPjud91dgu22MHLGFH7ISdsg7rMsEse2CP7G/0ED1Fz9HL++hCNN/ZYZ8Qvf4HIPafgA==</latexit>

(U †V )⌦2

<latexit sha1_base64="AH8iigCqp3XLazqBeI8I+cVu59k="></latexit>

(U †V )⌦3

<latexit sha1_base64="bBAR9KwxsH33S7iHc4aY/xo4Js0="></latexit>

U †V

<latexit sha1_base64="c+dLCg/bslwN4KqivkoITb+Bfc0=">AAACE3icbVDLSiNBFK32NTG+Mrp0UxgEV6FbAroUZuMygolCOsrt6ptYWI+m6rYSmnyGW+dD3IlbP8DvmB+YSszC14GCwzn3ck+drFDSUxy/RQuLS8srv2qr9bX1jc2txu/tnrelE9gVVll3mYFHJQ12SZLCy8Ih6EzhRXb7Z+pf3KHz0ppzGhc40DAycigFUJD63as0h9EIHe9dN5pxK56BfyfJnDTZHJ3rxr80t6LUaEgo8L6fxAUNKnAkhcJJPS09FiBuYYT9QA1o9INqFnnC94OS86F14RniM/XjRgXa+7HOwqQGuvFfvan4k9cvaXg8qKQpSkIj3g8NS8XJ8un/eS4dClLjQEA4GbJycQMOBIWW6qnBe2G1BpOn5KrUFuiArJuGr87dZBJaSr528p30DltJu9U+azdPjud91dgu22MHLGFH7ISdsg7rMsEse2CP7G/0ED1Fz9HL++hCNN/ZYZ8Qvf4HIPafgA==</latexit>

H

<latexit sha1_base64="bNRTncL9CrpmsX5VkqXwyEH2enk=">AAACCXicbVBLSgNBFOzxb/xFXbppDIKrMCMBXQpusoxgTCAzhJ7Oizb2Z+h+o4QhJ3CrB3Enbj2F5/AC9iRZaGJBQ1H1Hq+60kwKh2H4FSwtr6yurW9sVra2d3b3qvsHt87klkObG2lsN2UOpNDQRoESupkFplIJnfThqvQ7j2CdMPoGRxkkit1pMRScoZeum/1qLayHE9BFEs1IjczQ6le/44HhuQKNXDLnelGYYVIwi4JLGFfi3EHG+AO7g56nmilwSTEJOqYnXhnQobH+aaQT9fdGwZRzI5X6ScXw3s17pfif18txeJEUQmc5gubTQ8NcUjS0/DUdCAsc5cgTxq3wWSm/Z5Zx9N1UYg1P3CjF9CBGW8QmA8vQ2DJ8cWPHY99SNN/JIrk9q0eNeuO6Ubu8mPW1QY7IMTklETknl6RJWqRNOAHyTF7Ia/AcvAXvwcd0dCmY7RySPwg+fwCX+5t1</latexit>

0

<latexit sha1_base64="DP6JyZ2/FDA49QfpAUBnqY3TXVU=">AAACCXicbVBLSgNBFOzxb/xFXbppDIKrMCMBXQpuXEYwJpAJoafnRRv7M3S/UcIwJ8hWD+JO3HoKz+EF7HwWmljQUFS9x6uuJJPCYRh+BUvLK6tr6xubla3tnd296v7BnTO55dDiRhrbSZgDKTS0UKCETmaBqURCO3m8GvvtJ7BOGH2Lwwx6it1rMRCcoZduwn61FtbDCegiiWakRmZo9qvfcWp4rkAjl8y5bhRm2CuYRcEllJU4d5Ax/sjuoeupZgpcr5gELemJV1I6MNY/jXSi/t4omHJuqBI/qRg+uHlvLP7ndXMcXPQKobMcQfPpoUEuKRo6/jVNhQWOcugJ41b4rJQ/MMs4+m4qsYZnbpRiOo3RFrHJwDI0dhy+uLVl6VuK5jtZJHdn9ahRb9w0apcXs742yBE5JqckIufkklyTJmkRToCMyAt5DUbBW/AefExHl4LZziH5g+DzB3CDm10=</latexit>


