
Daniel Stilck França (QMATH, University of Copenhagen)
Joint work with Raúl García-Patrón (University of Edinburgh)

arXiv:2009.05532

Limitations of optimization on noisy 
quantum devices



“Ever heard of D-Wave?” Slade asks as Helena takes a sip of a white 
burgundy, the best wine she has ever tasted.
“Sorry, I haven’t.”
“It’s a company out of British Columbia. A year ago, they released a 
prototype quantum processor. Its application is highly specific, but ideal for 
the sort of enormous data-set mapping problem we’ve run up against.”
“How much are they?”
“Not cheap, but I was interested in the technology, so I ordered a few of their 
advanced prototypes for future projects last summer.”

Excerpt From: Blake Crouch. “Recursion.”
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• The main character reshapes reality.
• All based on computations done on a D-Wave machine!
• Expectations are high! 
• Guiding question: is it realistic to expect NISQ devices to achieve that? Or 

maybe just a unequivocal quantum speedup for optimization?
• Main focus: limitations imposed by the noise.
• Conclusion: opportunity window for reshaping of 

reality slim.
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Setting: problem types

• Given some Hamiltonian H whose ground state encodes the solution to a 
problem.

• Can be classical or quantum. Will focus on classical problems here for 
simplicity, so think of
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• Equivalent to MAX-CUT.
• Minimize 

<latexit sha1_base64="DyAmiwJd3A1uwfPxdTlgf+JZvEM=">AAACFnicbVBNS8NAEN34bf2qevQSLIIeLImI9ijood4q2A9oQthsJ83iJht2J0IJ/RVe/CtePCjiVbz5b9x+HLT6YODx3gwz88JMcI2O82XNzS8sLi2vrJbW1jc2t8rbOy0tc8WgyaSQqhNSDYKn0ESOAjqZApqEAtrh3eXIb9+D0lymtzjIwE9oP+URZxSNFJSPPZmBoihVShMoUA09ARF268G114h5cHXoqVgeeYr3Y/SDcsWpOmPYf4k7JRUyRSMof3o9yfIEUmSCat11nQz9girkTMCw5OUaMsruaB+6ho5u0H4xfmtoHxilZ0dSmUrRHqs/JwqaaD1IQtOZUIz1rDcS//O6OUY1v+BpliOkbLIoyoWN0h5lZPe4AoZiYAhliptbbRZTRRmaJEsmBHf25b+kdVJ1z6rOzWnlojaNY4XskX1ySFxyTi5InTRIkzDyQJ7IC3m1Hq1n6816n7TOWdOZXfIL1sc3J86f7g==</latexit>

tr [HI�D(⇢)]

No error correction!



Setting: noise model

• Want to implement unitary circuit.
• Assume they are interspersed by noisy channel.
• This talk: 1-qubit depolarizing noise.
• Paper: more general, also nonunital and continuous time.
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How does noise constrain the performance of such 
algorithms?
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• Noisy quantum circuits: assume each gate is followed by 1-qubit 
depolarizing noise with probability p.

• Intuition: lose advantage at 1/p. 
• Rigorously confirm this intuition. At depth 

we perform as well as high temperature Gibbs sampling.
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How does noise constrain the performance of such 
algorithms?
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• At which depth do noisy quantum computers lose advantage against 
nontrivial classical algorithms?      

• And can we estimate this without having to simulate the noisy circuit?  
• Achieve this and can show that when a good classical algorithm is 

available, advantage is lost at 
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Comparison to previous work

• Aharanov et al (96), Gottesman et al (13), Müller-Hermes et al (15) and 
others: used entropic methods to establish when quantum computers lose 
advantage under noise.

• Different setups, but obtain less stringent bounds on maximal depth. 
• Razborov (03), Plenio et al (10), Kempe et al (08) and others: reverse 

threshold theorem. 
• Stronger statements, but do not apply to current noise rates.
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Alternative path imposed by the noise
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• Quantify convergence to easy 
state in relative entropy.

• Assign equivalent inverse 
temperature to each stage of the 
noisy computation.

• Find inverse temperature region 
that can be simulated efficiently. 



Framework: entropic convergence

• Step 1: have a quantum circuit whose noise channel T is driving it to a 
classically “easy” state . 

• Crucial: can quantify how fast this happens in relative entropy:

• Example: for 1-qubit depolarizing noise this holds with 

• For any noisy circuit of depth D we have:
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<latexit sha1_base64="wURXlHadAGxAcQdoGDZr2XEy2Xo=">AAACIXicbZDLSgMxFIYzXmu9jbp0EyxCuykzolhcFXThskJv0BlKJs20oclkTDJCGfsqbnwVNy4U6U58GTNtEW09EPj4/3PIOX8QM6q043xaK6tr6xubua389s7u3r59cNhUIpGYNLBgQrYDpAijEWloqhlpx5IgHjDSCobXmd96IFJREdX1KCY+R/2IhhQjbaSuXfFCIRFj0JMDcQVvivViRiXv0VO0z1HJY+QeejwxVmb86F274JSdacFlcOdQAPOqde2J1xM44STSmCGlOq4Taz9FUlPMyDjvJYrECA9Rn3QMRogT5afTC8fw1Cg9aFY1L9Jwqv6eSBFXasQD08mRHqhFLxP/8zqJDit+SqM40STCs4/ChEEtYBYX7FFJsGYjAwhLanaFeIAkwtqEmjchuIsnL0PzrOxelJ2780K1Mo8jB47BCSgCF1yCKrgFNdAAGDyBF/AG3q1n69X6sCaz1hVrPnME/pT19Q2mg6KP</latexit>

8⇢ : D(T (⇢)k�)  µD(⇢k�)
<latexit sha1_base64="xkccVlRIrDcuFYY76mnhUqwT+Y4=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7RbEXoeDFYwX7Adu1ZNNsG5pNliQrlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ789tPVGkmxYMZJzSI8UCwiBFsrOR34/Sm7F0k54/VXrHkVtw50CrxMlKCDI1e8avblySNqTCEY619z01MMMHKMMLptNBNNU0wGeEB9S0VOKY6mMxPnqIzq/RRJJUtYdBc/T0xwbHW4zi0nTE2Q73szcT/PD81US2YMJGkhgqyWBSlHBmJZv+jPlOUGD62BBPF7K2IDLHCxNiUCjYEb/nlVdKqVryrint/WarXsjjycAKnUAYPrqEOd9CAJhCQ8Ayv8OYY58V5dz4WrTknmzmGP3A+fwB9RpAM</latexit>

µ = (1� p)2

<latexit sha1_base64="k6rJ3aQ1SCWUL07RwYEjhdYGY8Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BPXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6jVGrH/bL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7VxLcyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1Ug6uqf39ZqdfyOIpwAqdwDgFcQx3uoAFNIPAIz/AKb57yXrx372PRWvDymWP4A+/zByVijtA=</latexit>

�D
<latexit sha1_base64="jEzATYKnsIN2pb7bHi3SZoGPF54=">AAACFXicbVBLSwMxGMzWV62vqkcvwSJsQevuothjwR70VsE+oLst2TRtQ7PZNckKZe2f8OJf8eJBEa+CN/+N6eOgrQMhw8x8JN/4EaNSWda3kVpaXlldS69nNja3tneyu3s1GcYCkyoOWSgaPpKEUU6qiipGGpEgKPAZqfuDy7FfvydC0pDfqmFEvAD1OO1SjJSW2tnjsulW+rStL9EP8+7D9anT4nmXkTto2idRvpU45ZHLuOnkdTxnFawJ4CKxZyQHZqi0s19uJ8RxQLjCDEnZtK1IeQkSimJGRhk3liRCeIB6pKkpRwGRXjLZagSPtNKB3VDowxWcqL8nEhRIOQx8nQyQ6st5byz+5zVj1S16CeVRrAjH04e6MYMqhOOKYIcKghUbaoKwoPqvEPeRQFjpIjO6BHt+5UVScwr2ecG6OcuVirM60uAAHAIT2OAClMAVqIAqwOARPINX8GY8GS/Gu/ExjaaM2cw++APj8wf0yJwm</latexit>

D(�D(⇢)kI/2n)  (1� p)2D ln(2)n



Framework: from relative entropy to inverse temperature

• Step 2.A: relate the expected output’s energy to that of a Gibbs state. 

• Let        be a noisy quantum circuit of depth D. Then for all initial states   :

• Optimization: only care about lower bound.
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<latexit sha1_base64="EogYRy+5gZleqNmQSFBAnbo0OEo="></latexit>

tr [�D(⇢)H] � tr [��H]� ✏kHk, �� =
e
��H

Z�

, � =
D(�D(⇢)k�0)

kHk✏

<latexit sha1_base64="k6rJ3aQ1SCWUL07RwYEjhdYGY8Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BPXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6jVGrH/bL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7VxLcyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1Ug6uqf39ZqdfyOIpwAqdwDgFcQx3uoAFNIPAIz/AKb57yXrx372PRWvDymWP4A+/zByVijtA=</latexit>

�D
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢



Framework: threshold inverse temperature

• Step 3.A: efficient classical Gibbs sampling for small enough            for    .

• Let        be a noisy quantum circuit of depth D. Then for all initial states   :

• If                                 there exists a classically easy state that performs

almost as well.
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<latexit sha1_base64="EogYRy+5gZleqNmQSFBAnbo0OEo="></latexit>

tr [�D(⇢)H] � tr [��H]� ✏kHk, �� =
e
��H

Z�

, � =
D(�D(⇢)k�0)

kHk✏

<latexit sha1_base64="k6rJ3aQ1SCWUL07RwYEjhdYGY8Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BPXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6jVGrH/bL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7VxLcyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1Ug6uqf39ZqdfyOIpwAqdwDgFcQx3uoAFNIPAIz/AKb57yXrx372PRWvDymWP4A+/zByVijtA=</latexit>

�D
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="Xt4fFgpEvJ6eWc3lx1xo5S9E9I4=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEFLssuHFZwV6gCWEyPWmHTiZxZlIooW/ixoUibn0Td76N0zQLbf1h4OM/53DO/GHKmdKO821VNja3tnequ7W9/YPDI/v4pKuSTFLo0IQnsh8SBZwJ6GimOfRTCSQOOfTCyd2i3puCVCwRj3qWgh+TkWARo0QbK7BtLwRNPA5PBQQ0sOtOwymE18EtoY5KtQP7yxsmNItBaMqJUgPXSbWfE6kZ5TCveZmClNAJGcHAoCAxKD8vLp/jC+MMcZRI84TGhft7IiexUrM4NJ0x0WO1WluY/9UGmY6afs5EmmkQdLkoyjjWCV7EgIdMAtV8ZoBQycytmI6JJFSbsGomBHf1y+vQvWq4Nw3n4breapZxVNEZOkeXyEW3qIXuURt1EEVT9Ixe0ZuVWy/Wu/WxbK1Y5cwp+iPr8weR4ZOV</latexit>

�  �c
<latexit sha1_base64="FkoZ5HesBGmDpnfMdvxCgCY1YQY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzUrA9KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHVz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20ryvebcVt3pRr1TyOApzDBVyBB3dQgzo0oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Am8mMxg==</latexit>

H

<latexit sha1_base64="VJAnyukx7YeIY4aayld4oIxqF6Q="></latexit>

D(�D(⇢)k�0)

kHk✏  �c



Example: Ising Hamiltonians
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• Let                                                and        be the operators of

• Step 3.A: (Zeitouni et al) we can sample efficiently for 

<latexit sha1_base64="lMyY7grexdDEQrDqyzas3wH0Sn0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceKF48VTC00oWy2m3bpZjfsboSS9jd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tMEeoTyaXqRFhTzgT1DTOcdlJFcRJx+hiNbmf+4xNVmknxYMYpDRM8ECxmBBsr+cHkJpj0qjW37s6BVolXkBoUaPWqX0FfkiyhwhCOte56bmrCHCvDCKfTSpBpmmIywgPatVTghOownx87RWdW6aNYKlvCoLn6eyLHidbjJLKdCTZDvezNxP+8bmbiRpgzkWaGCrJYFGccGYlmn6M+U5QYPrYEE8XsrYgMscLE2HwqNgRv+eVV0r6oe1d19/6y1mwUcZThBE7hHDy4hibcQQt8IMDgGV7hzRHOi/PufCxaS04xcwx/4Hz+ALd4jpc=</latexit>

kAk
<latexit sha1_base64="ftk0eRUAN4PjPqnifj0Qi7/EE64=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquKPYiVLx4rGA/sF1KNs22sdlkSbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuJKs2kuDfjmPoRHggWMoKNlR6ur8q4l7LHyWmvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5iw6qdMxImhgswXhQlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqSCDcFbfHmZNM8q3kXFvTsv1apZHHk4gmMogweXUINbqEMDCAh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/nZmQMg==</latexit>

A = (aij)

<latexit sha1_base64="3p4mn/GJJ9xCKdSe4eSAggzR/6w="></latexit>

HI = �
nX

i<j

ai,jZiZj �
nX

i=1

biZi

<latexit sha1_base64="zTOpmkTMYIIpeLuWQtbOSjOJA6E=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkpSFHusePFYwX5AE8pmO2mXbjZxdyOUNHjxr3jxoIhXf4U3/43bNgdtfTDweG+GmXl+zKhUtv1tFFZW19Y3ipulre2d3T1z/6Alo0QQaJKIRaLjYwmMcmgqqhh0YgE49Bm0/dH11G8/gJA04ndqHIMX4gGnASVYaalnHrk+KOwyuHcDgUnqZGnVnVy5k6xnlu2KPYO1TJyclFGORs/8cvsRSULgijAsZdexY+WlWChKGGQlN5EQYzLCA+hqynEI0ktnL2TWqVb6VhAJXVxZM/X3RIpDKcehrztDrIZy0ZuK/3ndRAU1L6U8ThRwMl8UJMxSkTXNw+pTAUSxsSaYCKpvtcgQ6yiUTq2kQ3AWX14mrWrFuajYt+flei2Po4iO0Qk6Qw66RHV0gxqoiQh6RM/oFb0ZT8aL8W58zFsLRj5ziP7A+PwBeCCXcQ==</latexit>

�  1

2kAk



Example: Ising Hamiltonians
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• Under 1-qubit depolarizing after depths                 :

there is a classical Gibbs state     that can be sampled in                    time on 
a classical computer such that: 

<latexit sha1_base64="/lBgLaxQGGH0u+rrKYwZvBFiBYQ="></latexit>

Dmax =
ln(2 ln(2)✏�1) + ln

�
kHIk�1kAkn

�

2p

<latexit sha1_base64="RolSXx/8IJwTQiV5cLpVw6SRZ3s=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiij0W7MFjBfsBbQib7aZdutnE3Y1YQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3dsv2weHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E4+uZ33mgUrFY3OlJQr0IDwULGcHaSL5dRo3+kN6jhp/1I/w49e2KU3XmQKvEzUkFcjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTaamfKppgMsZD2jNU4IgqL5sfPkWnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1UhzUvYyJJNRVksShMOdIxmqWABkxSovnEEEwkM7ciMsISE22yKpkQ3OWXV0n7vOpeVp3bi0q9lsdRhGM4gTNw4QrqcANNaAGBFJ7hFd6sJ+vFerc+Fq0FK585gj+wPn8A6dSSlQ==</latexit>

D � Dmax

<latexit sha1_base64="IrESVPXOxnuyqt5OKHCCTJsYSos=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAI7aYkothlwY07K9gHNKFMptN26GQSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMyeIOVPacb6twtr6xuZWcbu0s7u3f2AfHrVVlEhCWyTikewGWFHOBG1ppjntxpLiMOC0E0xuMr/zSKVikXjQ05j6IR4JNmQEayP17RMvxHpMME/vZhXh8WhUEdVq3y47NWcOtErcnJQhR7Nvf3mDiCQhFZpwrFTPdWLtp1hqRjidlbxE0RiTCR7RnqECh1T56Tz+DJ0bZYCGkTRPaDRXf2+kOFRqGgZmMgurlr1M/M/rJXpY91Mm4kRTQRaHhglHOkJZF2jAJCWaTw3BRDKTFZExlpho01jJlOAuf3mVtC9q7lXNub8sN+p5HUU4hTOogAvX0IBbaEILCKTwDK/wZj1ZL9a79bEYLVj5zjH8gfX5A2FAlRA=</latexit>

O(n log(n))

<latexit sha1_base64="W+miboEE4shPucAVWvUeRtNEErM="></latexit>

tr [HI�D(⇢)] � tr [HI�� ]� kHIk✏.

<latexit sha1_base64="if2x/ut2ckS+T4dEYmP5DRq0v1g=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Ac0oUy2m3bpbhJ2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6JmgsesbbgRrJcqhjIUrBtO7uZ+94kpzZP40UxTFkgcxTziFI2VfF/zkcSBHzKDg2rNrbsLkHXiFaQGBVqD6pc/TGgmWWyoQK37npuaIEdlOBVsVvEzzVKkExyxvqUxSqaDfHHzjFxYZUiiRNmKDVmovydylFpPZWg7JZqxXvXm4n9ePzNRI8h5nGaGxXS5KMoEMQmZB0CGXDFqxNQSpIrbWwkdo0JqbEwVG4K3+vI66VzVvZu6+3BdazaKOMpwBudwCR7cQhPuoQVtoJDCM7zCm5M5L86787FsLTnFzCn8gfP5AxjFkbA=</latexit>��

<latexit sha1_base64="UH8Xk5zW5qqQhLfMpaMzOeWAvyw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Ae0oWy2k3bpbpLuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgkfYNNwI7CQKqQwEtoPx3dxvP6HSPI4ezTRBX9JhxEPOqLFSp6e5xAlx++WKW3UXIOvEy0kFcjT65a/eIGapxMgwQbXuem5i/Iwqw5nAWamXakwoG9Mhdi2NqETtZ4t7Z+TCKgMSxspWZMhC/T2RUan1VAa2U1Iz0qveXPzP66YmrPkZj5LUYMSWi8JUEBOT+fNkwBUyI6aWUKa4vZWwEVWUGRtRyYbgrb68TlpXVe+m6j5cV+q1PI4inME5XIIHt1CHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gB4Lo+P</latexit>' 0



Bounding layers of QAOA
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Gate error probability p! ≠ " and p1=0

SK model ε 6 10-3 10-4 10-5

QAOA layers (n=50) 0.1 1 88 876

Max prob. size (L=10) 0.1 7 438 4,380

Gate error probability  p2=p1≠ "

3-regular graph ε 10-3 10-4 10-5

QAOA layers (n=50) 0.1 4 38 376

Max prob. size (L=10) 0.1 19 188 1,880

Gate type Gates per 
QAOA layer

2 qubit 3N

All 7N

Gate type Gates per 
QAOA layer

2 qubit ~ 7%

All 7N

<latexit sha1_base64="YrJGkaedyClO0I10Y0ZKdYPj8rM=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHQS5gRRY9BL4KXiGaBZAg9PZWkSc9Cd40kDPMrXjwo4tUf8ebf2FkOmvig4PFeFVX1vFgKjbb9beVWVtfWN/Kbha3tnd294n6poaNEcajzSEaq5TENUoRQR4ESWrECFngSmt7wZuI3n0BpEYWPOI7BDVg/FD3BGRqpWyx1EEaYslP6cEeDyAeZdYtlu2JPQZeJMydlMketW/zq+BFPAgiRS6Z127FjdFOmUHAJWaGTaIgZH7I+tA0NWQDaTae3Z/TYKD7tRcpUiHSq/p5IWaD1OPBMZ8BwoBe9ifif106wd+WmIowThJDPFvUSSTGikyCoLxRwlGNDGFfC3Er5gCnG0cRVMCE4iy8vk8ZZxbmo2Pfn5er1PI48OSRH5IQ45JJUyS2pkTrhZESeySt5szLrxXq3PmatOWs+c0D+wPr8AUwEk/U=</latexit>

a) SK model

<latexit sha1_base64="wgFbU8MDXxPWcVXS/f3qgy/wdy4=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgEPRhmXNBj0IvHCGaBZAg9ncqkSc9Cd40YhuDFX/HiQRGvfoU3/8bOctDog4LHe1VU1fMTKTQ6zpeVm5tfWFzKLxdWVtfWN+zNrZqOU8WhymMZq4bPNEgRQRUFSmgkCljoS6j7/auRX78DpUUc3eIgAS9kQSS6gjM0UtveaSHcY+Yf0pMjBUEqmaKBYklv2LaLTskZg/4l7pQUyRSVtv3Z6sQ8DSFCLpnWTddJ0MuYQsElDAutVEPCeJ8F0DQ0YiFoLxu/MKT7RunQbqxMRUjH6s+JjIVaD0LfdIYMe3rWG4n/ec0UuxdeJqIkRYj4ZFE3lRRjOsqDdoQCjnJgCONKmFsp7zHFOJrUCiYEd/blv6R2XHLPSs7NabF8OY0jT3bJHjkgLjknZXJNKqRKOHkgT+SFvFqP1rP1Zr1PWnPWdGab/IL18Q2hjJbx</latexit>

b) 3-regular graph

• If the device’s topology does not match the problem’s, the physical depth 
of QAOA scales superlogarithmically with system size.  

• This makes speedups impossible even with very small error rates.



But how to compare to practical algorithms?
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Alternative path imposed by the noise
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• Quantify convergence to easy 
state in relative entropy.

• Compute lower bound on output 
energy by estimating the 
partition function.

• Compare to output of classical 
algorithm.

|0i⌦n

<latexit sha1_base64="VB3mWFKD4ZAR6jJbjCaZiXhBVHw=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCp7ArAfUW9OIxgnlAdg2zk9lkyOzMMjMrhDXgr3jxoIhXv8Obf+PkcdDEgoaiqpvurijlTBvP+3aWlldW19YLG8XNre2dXXdvv6FlpgitE8mlakVYU84ErRtmOG2liuIk4rQZDa7HfvOBKs2kuDPDlIYJ7gkWM4KNlTru4aMXKCx6nN7ngTQsoRqJUccteWVvArRI/BkpwQy1jvsVdCXJEioM4Vjrtu+lJsyxMoxwOioGmaYpJgPco21LBbZ7wnxy/gidWKWLYqlsCYMm6u+JHCdaD5PIdibY9PW8Nxb/89qZiS/CnIk0M1SQ6aI448hINM4CdZmixPChJZgoZm9FpI8VJsYmVrQh+PMvL5LGWdmvlC9vK6Xq1SyOAhzBMZyCD+dQhRuoQR0I5PAMr/DmPDkvzrvzMW1dcmYzB/AHzucPf7yV2w==</latexit>

<latexit sha1_base64="+jRNQLHBFbGkmFeYWKwDtQj4yco=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxGASwtxmL1myu3fs7gnhyL+wsVDE1n9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhHN1P/4Ylpw2N1b8cJ60ocKB5xitZJjx3DBxJ7mT/plSt+1Z+BLJMgJxXIUe+Vvzr9mKaSKUsFGtMO/MR2M9SWU8EmpU5qWIJ0hAPWdlShZKabzS6ekBOn9EkUa1fKkpn6eyJDacxYhq5Toh2aRW8q/ue1UxtddTOuktQyReeLolQQG5Pp+6TPNaNWjB1Bqrm7ldAhaqTWhVRyIQSLLy+T5lk1uKj6d+eV2nUeRxGO4BhOIYBLqMEt1KEBFBQ8wyu8ecZ78d69j3lrwctnDuEPvM8fjjWQ1g==</latexit>�0

<latexit sha1_base64="uE47SdN9MwF9yeCNaB2eEzbyddI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiih6LXjxWsB/QhLDZbtqlm03Y3Qgx9Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbVXW1jc2t6rbtZ3dvf26fXDYVUkmCe2QhCeyH2JFORO0o5nmtJ9KiuOQ0144uZ35vUcqFUvEg85T6sd4JFjECNZGCuy6p9goxkHhMRHpfBrYDafpzIFWiVuSBpRoB/aXN0xIFlOhCcdKDVwn1X6BpWaE02nNyxRNMZngER0YKnBMlV/MD5+iU6MMUZRIU0Kjufp7osCxUnkcms4Y67Fa9mbif94g09G1XzCRZpoKslgUZRzpBM1SQEMmKdE8NwQTycytiIyxxESbrGomBHf55VXSPW+6l03n/qLRuinjqMIxnMAZuHAFLbiDNnSAQAbP8Apv1pP1Yr1bH4vWilXOHMEfWJ8/YiKTjw==</latexit>�1

<latexit sha1_base64="xVgu7OZM/QIHZxmwmCS/9s8Ch8M=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUjkIBGMFC2OR6ENqoshxndaq40S2g1SlHVj4FRYGEGLlI9j4G9w0A7Qc6eoenXOv7HuChDOlEfq2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB0M/M7D1QqFot7PU6oF+GBYCEjWBvJtytuc8h8VpsgV2Ix4NTleYNocurbVVRHOeAycQpSBQWavv3l9mOSRlRowrFSPQcl2suw1IxwOi27qaIJJiM8oD1DBY6o8rL8iCk8MUofhrE0JTTM1d8bGY6UGkeBmYywHqpFbyb+5/VSHV55GRNJqqkg84fClEMdw1kisM8kJZqPDcFEMvNXSIZYYqJNbmUTgrN48jJpn9Wdizq6O682ros4SqACjkENOOASNMAtaIIWIOARPINX8GY9WS/Wu/UxH12xip0j8AfW5w+gkpdv</latexit>

�i(|0ih0|) <latexit sha1_base64="QzuaQRXfYKFukWY1bNu/2Kz87Uo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMdCETxWtLbQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uHRo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GjZnffkKleSwfzCRBP6JDyUPOqLHS/U2/0S9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDU/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVfJ4UfWuqu7dZaVey+Mowgmcwjl4cA11uIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/X2416</latexit>

EC

<latexit sha1_base64="dXKxWTDFj7faIIMrQx8/DTnU75M=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFoNgFe5SaMqAjYVFBPMBlyPs7c0lS/Z2j909JRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oUpZ9q47rdT2tjc2t4p71b29g8Oj6rHJ10tM0WhQyWXqh8SDZwJ6BhmOPRTBSQJOfTCyc3c7z2C0kyKBzNNIUjISLCYUWKs5N/JJ1A4lJmIhtWaW3cXwOvEK0gNFWgPq1+DSNIsAWEoJ1r7npuaICfKMMphVhlkGlJCJ2QEvqWCJKCDfHHyDF9YJcKxVLaEwQv190ROEq2nSWg7E2LGetWbi/95fmbiZpAzkWYGBF0uijOOjcTz/3HEFFDDp5YQqpi9FdMxUYQam1LFhuCtvrxOuo26d1V37xu1VrOIo4zO0Dm6RB66Ri10i9qogyiS6Bm9ojfHOC/Ou/OxbC05xcwp+gPn8wcnbpEi</latexit>

Lower bound



Framework

• Step 2.B: relate the expected output’s energy to the partition function. 

• Let        be a noisy quantum circuit of depth D. Then for all initial states   :

• Step 3.B: evaluate the partition function for range            and obtain lower 
bounds. 
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<latexit sha1_base64="k6rJ3aQ1SCWUL07RwYEjhdYGY8Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BPXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6jVGrH/bL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7VxLcyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1Ug6uqf39ZqdfyOIpwAqdwDgFcQx3uoAFNIPAIz/AKb57yXrx372PRWvDymWP4A+/zByVijtA=</latexit>

�D
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="JS4llX2AJDAXWRQjxpH8f4/WKso="></latexit>

tr [�D(⇢)H] � sup
�>0

�
�1

�
� ln(tr

⇥
e
��H

⇤
/2n)�D(�D(⇢)||�0)

�
.



Flowchart of verification
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Estimate log(Z�)

for 0  �  �c

Estimate D(�D(⇢)k�)
based on noise model

Obtain energy EC from

classical algorithm

Evaluate max over 0  �  �c of

��1
(ln(Z�/2n)�D(�D(⇢)k�))

If EC is smaller than max:

certificate of classical superiority

1



Example: Ising model (Gset instance 12)
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800 qubits.
Predicts advantage will be lost 
already at depth                   against 
algorithms that  run in less than a 
second on a laptop.

<latexit sha1_base64="SJvZk575LYHBFcYQns5NZGN49PI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCF0NSFHssePFYwX5AG8tmu2mXbjZhd6KU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBYngGlz32yqsrW9sbhW3Szu7e/sHdvmwpeNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsYX8/89gNTmsfyDiYJ8yMylDzklICR+nbZdbxaD3jENE7us3Nv2rcrruPOgVeJl5MKytHo21+9QUzTiEmggmjd9dwE/Iwo4FSwaamXapYQOiZD1jVUErPLz+anT/GpUQY4jJUpCXiu/p7ISKT1JApMZ0RgpJe9mfif100hrPkZl0kKTNLFojAVGGI8ywEPuGIUxMQQQhU3t2I6IopQMGmVTAje8surpFV1vEvHvb2o1Kt5HEV0jE7QGfLQFaqjG9RATUTRI3pGr+jNerJerHfrY9FasPKZI/QH1ucPgWuS0g==</latexit>

0.18⇥ p�1



Conclusion and open questions
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• Take home message 1: If the problem’s topology does not match the 
device’s, a quantum advantage is unlikely for variational algorithms in the 
NISQ era.

• Take home message 2: have a framework to assess the opportunity 
window for quantum speedups under noise against classical algorithms.

• Conclusions are less stringent for quantum problems. Larger opportunity 
window.



Conclusion and open questions
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• Impact of error mitigation/primitive error correction? 
• Analysis beyond first order?
• Larger scale numerics/more specialized analysis?



Thanks! Questions?
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