Optimal universal programming of unitary gates
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Introduction. A universal quantum processor is the desideratum of quantum computing. Ideally,
one would hope to realise quantum computing in the same way as its classical counterpart, i.e.,
by inserting data and programs, both in the form of quantum states, into a universal quantum
computer (see Figure 1). However, the no-programming theorem [1] asserts that any universal
quantum processor must be approximate, or have a non-zero probability of failure [1–3].
It has been shown that approximate universal processors with a finite-size program register do exist [1, 4–9]. There one of the most
important questions is to determine the costaccuracy tradeoff or, more specifically, how the
program cost, i.e., the number cP of qubits required to store the optimal program, scales with
the desired accuracy of implementation, which
we quantify in terms of an approximation error
 (usually evaluated in terms of the diamond
norm [10]).
Over the past two decades, many efforts FIG. 1: An approximate universal quantum
have been dedicated to finding the optimal ap- processor. An approximate universal quantum
proximate universal processor (see, e.g., [4, 5, processor executes a unitary gate U on a system.
8, 9]). The state-of-the-art results, [9, 11] (see It works by plugging a quantum state – the proalso Table I), assert that the optimal program gram for U – into the processor, which performs
cost cP for a d-dimensional unitary quantum a quantum channel C that approximates U on the
gate lies between clow := [(d − 1)/2] log2 (1/) system.
qubits and cupp := d2 log2 (K/) qubits, where
K is a universal constant. Despite all efforts, the precise value for cP remained largely unknown
— especially in the small error regime, where the ratio clow /cupp is strictly smaller than one.
In this work, we close this gap by identifying the optimal scaling of the program cost with the
accuracy and therefore solving a long-standing open problem of optimal quantum programming.
Specifically, our program cost scales as [(d2 − 1)/2] log2 (1/) in the small  regime, which reduces
the cost of the best existing protocol (see cupp above) by half. The optimal scaling is achieved
with a gate learning protocol, where the program is prepared by sending a quantum state through
n instances of the gate to learn it [12]. The gate information is later read out by measuring
the program. Our protocol achieves a diamond norm error scaling of 1/n2 – well-known as the
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TABLE I: Comparison of bounds on universal quantum gate programming. In the table
we compare our results on the programming cost with the best previous results (summarised from
Table I of Ref. [9]). In the vanishing error regime  → 0, both our lower bound and our upper
bound are tighter than all previous results, for the first time closing the gap between the lower
and upper bound in this regime. The cost is defined as the number of qubits in the program and
the error is evaluated in terms of the diamond norm (1). K denotes a universal constant.
Heisenberg limit of quantum metrology [13–16]. We thus prove the asymptotic equivalence of
quantum gate programming, metrology, and learning.
Approximate universal processors. A universal quantum processor consists of two key elements: a
set of programs {ψP,U }U ∈SU(d) 1 , which are quantum states in HP , and the action of the processor
C, which is a quantum channel (i.e. a completely positive trace-preserving linear map) acting on
the composite Hilbert space HS ⊗ HP of the system and the program. Notice that all information
on U should come from the program, and C must be independent of U . The program cost cP is
defined as log2 dP , with the program dimension dP being the dimension of Supp{ψP,U }U ∈SU(d) .
As shown in Figure 1, to run any arbitrary unitary U on the system, one selects the corresponding program ψP,U and plugs it into the processor, resulting in a channel EU (·) := TrP [C(· ⊗ ψP,U )]
on the system. A tuple (C, {ψP,U }U ∈SU(d) ) is called a -universal processor, if
1
kU − EU k ≤  ∀ U ∈ SU(d).
(1)
2
Here k · k denotes the diamond norm [10], which equals the maximum trace distance between
the outputs of the two channels, maximized over all input states and over all possible reference
systems.
Lower bound on the program cost. Our first main result is a lower bound on the program cost,
which can be regarded as a quantitative version of the no-programming theorem [1]:
Theorem 1 (Approximate no-programming theorem). Consider any -universal processor with
program dimension cP . For any (-independent) parameter δ > 0, the program dimension is lower
bounded as


√
δ
2
√
cP ≥ (1 − δ − 4 2)(d − 1) log2
− 1.
(2)
4 2(d2 − 1)
This immediately implies the expression for the lower bound stated in Table I. The key message
from the above theorem is that, for any α < (d2 − 1)/2, the program dimension dP = 2cP satisfies
dP = Ω (1/α )
1

For a pure state |ψi, we denote by ψ its density matrix.

(3)
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Taking  → 0 in Eq. (3), one gets dP → ∞, recovering the original no-programming theorem [1].
Optimal approximate universal processor. Next we construct an approximate universal processor
that achieves the bound in Theorem 1. Our processor works in a measure-and-operate (MO) fashion. It measures the input program ψP,U with a suitable POVM {d Û MÛ }Û ∈SU(d) , where d Û is
the Haar measure. The measurement yields an estimate Û of the gate U , and the processor performs the corresponding gate on the system. Explicitly, our optimal processor obeys the following
procedure:
Protocol 1 A MO universal processor.
1: (Generating the program.)

Apply U ⊗n to a suitable quantum state |ψP i.
2: Measure |ψP,U i := U ⊗n |ψP i with {d Û MÛ }Û ∈SU(d) .
3: Apply Û to the state of the system, where Û is the measurement outcome.

The program in Protocol 1 is prepared by applying n parallel uses of U on a quantum state
(called the probe state). The performance of this processor is then determined jointly by the choice
of the probe state |ψP i and the choice of the POVM {d Û MÛ }Û ∈SU(d) . It is known from quantum
metrology [14, 15, 20] that the performance of the measurement is optimised using non-product
probe states and POVMs. We identify a probe state and a POVM which, when incorporated into
Protocol 1, yields an optimal processor asymptotically achieving the ((d2 − 1)/2) log2 (1/) scaling
bound of Theorem 1:
Theorem 2. Consider the estimation of an unknown unitary gate on a d-dimensional quantum
system. Suppose n ≥ 2d(d − 1) and d ≥ 2. The error for the optimal unitary gate estimation is
bounded as

2
π(d − 1)2 (3d − 2)
 ≤ 2d
.
(4)
d·n
The probe state has dimension bounded as

dP ≤

9n
3d − 2

d2 −1
.

(5)

Ref. [20] showed that the estimation of an arbitrary d-dimensional unitary given n uses can
be done with an error scaling 1/n2 . The error was measured by the entanglement gate infidelity,
which is upper bounded by 1 − (1 − )2 . Here we refine this result by not only achieving the 1/n2
scaling but also identifying an explicit expression of the constant of proportionality. In addition,
our result holds for the more stringent error criterion , i.e., the diamond norm error, and we also
determine how the probe state dimension scales with n.
Combining Eq. (4) with Eq. (5), we get:
 2 


2 (d−1)4
.
Corollary 1. The program cost cP of Protocol 1 is upper bounded as cP ≤ d 2−1 log2 162π d·
The above corollary is essentially our lower bound in Table I, which achieves a quadratic reduction compared to known results. In conclusion, our lower and upper bounds, taken together, fully
answer the question of the optimal scaling in the regime of small .
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A. Brazier, V. Bužek, and P. L. Knight, Physical Review A 71, 032306 (2005).
S. Ishizaka and T. Hiroshima, Physical Review Letters 101, 240501 (2008).
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